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PREFACE. 

My  object,  in  presenting  the  following  pages  to  the  Public, 
is  the  introduction  of  a  treatment  of  Conic  Sections  which 
should  be  simple  and  natural  and  lead  by  an  easy  transi¬ 
tion  to  the  analytical  methods,  without  departing  from  the 
strict  Geometry  of  Euclid. 

I  have  therefore  constantly  added  notes,  to  recall  the 
Analytical  formula,  which  the  Student  may  read  or  omit, 
without  interrupting  the  sequence  of  the  Propositions. 

Considerable  advantage  has  been  gained  towards  clear¬ 
ness  of  proof  by  establishing  in  the  Introduction  a  few 
elementary  Lemmas,  which  are  constantly  recurring  in 
Geometrical  investigations,  but  have  not  been  proved  in¬ 
dependently  by  Euclid. 

The  work  has  been  completed  by  a  copious  selection 
of  problems,  which  will,  it  is  hoped,  prove  interesting  to 
the  learner,  and  stimulate  to  the  acquisition  of  Geome¬ 
trical  power, 

Sedbergh, 

March,  1868. 


H.  G.  DAY. 


THE  ELLIPSE. 

INTRODUCTION. 

« 

Lemma  I. 

The  straight  lines ,  which  divide  similarly  the  vertical 
angles  of  similar  triangles ,  divide  the  bases  proportionally. 

Let  ABC ,  ABC'  be  two  similar  triangles,  and  let  AD, 
AD'  divide  the  vertical  angles,  A  and  At,  similarly ; 

then  BD  :  DC  ::  BDt  :  DC. 

A 


For,  the  triangles  ABD,  A  Bp \  being  manifestly  similar, 

AD  :  AD  ::  BD  :  Bp.  [E.  vi.  4. 

Similarly,  AD  :  ADt  ::  DC  :  DtCt ; 

BD  :  DC  ::  BtD  :  DtC.  Q.  E.  D. 


B 
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THE  ELLIPSE. 


Cor.  I.  Conversely,  if  in  the  similar  triangles  ABC, 
ABC, , 

BD  :  DC  ::  BDt  :  DCt ; 

then  the  angles,  BAC,  BAtCt,  are  similarly  divided. 


For,  if  not,  make  the  angle  BA  E  —  BAD  \  therefore, 
by  the  previous  part, 


BE  :  EC, 


BD  :  DC 


::  BD,  :  D£f 


which  is  impossible ;  therefore  AD,  A,D,  divide  the  angles 
similarly.  Q.  E.  D. 


COR.  2.  Any  corresponding  lines  in  the  two  triangles 
will  be  manifestly  in  the  same  ratio  as 

AB  :  A  B. 

i  j 

Hence  AD2  :  AD2  ::  BD  .DC  :  BtDrDC. 


N.B.  Other  ratios  of  the  same  kind  may  readily  be 
proved,  and  could  be  assumed  if  necessary. 


Lemma  II. 

If  two  triangles  have  an  angle  of  the  one  equal  to  one 
angle  of  the  other,  and  the  sides  about  two  other  angles 
proportionals ,  the  remaining  angles  shall  be  either  equal  or 
supplementary . 

ist.  If  they  are  both  obtuse,  or  both  acute,  or  if  one 
of  them  is  a  right  angle,  they  are  equal.  [E.  vi.  7. 

But,  if  AB  :  AC  ::  ABt  :  AD, 

and  the  angle  ABC  —  ABD,  where  D  is  an  obtuse  angle 
and  C  acute  ;  at  the  point  A,  make  z  BAtCt  —  BA  C ; 
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BA  :  AC  ::  :  AC 


[E.  VI.  4- 


::  BA,  :  A,D ; 

.*.  A,C,  =  AD. 

Hence  A  DC,  is  an  isosceles  triangle ; 

z  A,DC  =  A,C,D  —  ACB  \  by  1st  case. 

But  ADB ’  +  ADC,  =2  right  angles  ; 

.*.  ADB,  +  ZZ  =  2  right  angles.  Q.  E.  D. 


COR.  i.  In  the  particular  case  where  the  sides 

BA,  AC  =  BA „  AD, 
and  z  B  =  B,; 

then  the  other  angles  C  and  D  are  either  equal  or  supple¬ 
mentary. 

Cor.  2.  If  two  right-angled  triangles  have  the  hypo¬ 
tenuses  proportional  to  their  altitudes,  the  base  angles  are 
equal. 

COR.  3.  If  two  right-angled  triangles  have  equal  bases 
and  hypotenuses,  they  have  equal  altitudes. 
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Lemma  III. 

u  two  parallel  straight  lines  are  similarly  divided , 
towards  the  same  parts ,  the  line  joining  the  points  of  division 
and  the  lines  joining  their  corresponding  extremities  will 
pass  through  one  point. 

Let  BC,  BICI  be  two  parallel  lines  similarly  divided  in 
D,  Dt,  so  that 

BD  :  DC  ::  BDt  :  DtCt ; 


A 


and  let  CC,  BBt  meet  in  A  ;  then  DDt  will  pass  through  A. 

For  the  triangles  ABC,  ABtC,  are  manifestly  similar, 
and  their  bases  are  similarly  divided  ; 

z  BAD  =  BADt ;  [l.  i.  Cor.  i. 

Dt,  D,  A,  lie  in  one  right  line ; 
or  DDt  passes  through  A.  Q.  E.  D. 

Cor.  i.  The  same  would  hold,  whatever  the  number 
of  points  of  division. 

Cor.  2.  If  BD  —  BIDI  and  DC  =  D tCt,  then  BBt ,  DDt , 
CCt  are  manifestly  parallel. 
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Lemma  IV. 

The  common  chord  of  two  circles  bisects  the  common 
tangent. 

Let  PTP  be  the  common  tangent  to  two  circles,  TEE 
the  common  chord  ;  PT  —  PT. 


Because  PT  touches  the  circle  PEE; 

PT2=  TE .  TEr  [E.  iii.  3 6. 

Similarly,  PT2=  TE .  TE/ ;  [E.  m.  36. 

PT=PT.  Q.  E.  D. 

COR.  If  EE  be  produced  to  meet  in  Tt  the  other  tan¬ 
gent  through  S'  to  the  circle  EPQ , 

TP2=  TE.ET. 

ET=ET ; 

.*.  TP2  =  TE .  TEt  =  TE  .  E  7\  Q.E.D. 


For 
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Lemma  V. 

The  distance  of  either  point  of  intersection  of  two  circles 
from  the  centre  of  similitude ,  is  a  mean  proportional  be¬ 
tween  the  tangents  drawn  to  the  circles  from  the  centre  of 
similitude. 

Let  be  the  centre  of  similitude  of  the  circles. 

Then  SP  :  SB  ::  SB  :  SPt. 

Let  SB  meet  the  circle  PBBt  in  Q. 

Join  PQ,  BP,  BPt. 

Then  the  z  SPtB  —  SPQ  ; 

=  z  in  alternate  segment  SBP ;  [E.  hi.  32. 

the  triangles  SPBp  SEPt  are  similar;  and 

SP  :  SB  ::  SB  :  SPr  Q.E.D.  [E.  vi.  4. 


Lemma  VI. 

u  three  circles  have  a  common  centre  of  similitude, 
and,  from  the  point  of  intersection  of  two  of  them,  a  se¬ 
cant  be  drawn  to  the  third,  the  rectangle  contained  by  the 
segments  of  that  secant  will  be  equal  to  the  rectangle 
contained  by  the  two  common  tangents  drawn  from  the 
third  circle  to  the  two  others. 
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Let  FFtK  be  another  circle,  with  the  same  centre  of 
similitude  5. 


Also  let  it  touch  SP  in  K,  and  meet  SE  in  F,  Ft ; 

EF  .EF  =  PK  .PK. 

Join  FK,  which  is  parallel  to  PE  ; 

EF  :  PK  ::  SE  :  SP.  [E.  vi.  2. 

Similarly  EFt  :  PtK  ::  SE  :  SPt ; 

EF.  EFt  :  PK .  PK  ::  SA2  :  SP .  SP4; 

EFEF  =  PK  .PK.  [L.  5. 

Similarly  if  any  other  secant  be  drawn  through  E  to 
the  circle  FFtK,  the  rectangle  under  its  segments  will  be 
equal  to  EF .  EFt ;  [E.  m.  36. 

or  to  PK  .  PK. 

.'.  If  three  circles  &c.  Q.  E.  D. 

r 

COR.  1.  Exactly  the  same  proof  would  hold  if  the 
point  E  were  within  the  circle  KFFt ,  and  FE,  EFt  were  the 
rectangle  under  the  segments  of  a  chord  through  E. 
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Cor.  2.  Hence  also  if  0,  C,  Ct,  be  the  centres  of  the 
three  circles, 

EF,  EE  :  OC.  0Ct  ::  SK 2  :  SO2. 

Def.  If,  in  the  line  SR,  a  point  A  be  taken  so  that 

SA  :  AR  we:  i  ; 

A,  C  S  A 

- _4 - 1 - 1 - 1 - * - 1 - k 

Q  P,  P 

A  is  said  to  be  the  point  in  which  SR  is  divided  inter¬ 
nally  in  the  ratio  of  e  :  I. 

Again,  if  RS  be  produced  to  At  so  that 

SAt  :  AR  ::  e  :  i, 

At  is  said  to  be  the  point  of  external  division  of  SR  in 
that  ratio. 

It  is  evident  that  At  lies  on  the  side  next  S,  and  SAt 
is  less  than  AR,  if  e  is  less  than  I. 

In  this  investigation  e  is  supposed  less  than  I. 


Lemma  VII. 

If  A  At  are  the  points  in  which  SR  is  divided  internally 
and  externally  in  the  ratio  e  :  i  ;  then  if  P  be  any  point 
within  AAt ; 

SP  :  PR  is  less  than  e  :  I. 

1st.  Let  P  lie  between  5  and  A. 

Then  PS  is  less  than  PA,  and  PR  greater  than  AR  ; 
therefore  for  both  reasons 
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SP  :  PR  is  less  than  SA  :  AR  ; 
or  less  than  e  :  I. 

Next,  let  /J  be  a  point  between  N  and  A. 
Take  a  point  Q,  so  that 


then 


A,Q  : 

A,P, 

•• 

e  :  i  ; 

SA, 

:  AR 
/ 

•  • 

•  • 

:  i, 

AQ 

:  AP 

j  / 

•  • 

•  • 

e  :  i  ; 

■■■  SQ 

:  RP/ 

•  • 

^  :  i  ; 

SP, 

:  RP 
/ 

z 

^  :  i. 

[Hyp. 

[Const11. 


Cor.  i.  In  exactly  the  same  manner  it  may  be  proved 
that,  if  a  point  lies  without  AAI}  the  ratio  of  these  distances 
is  greater  than  e  :  I. 

Cor.  2.  It  is  evident  from  this  that  two  and  only  two 
points  can  be  found  dividing  a  line  internally  and  exter¬ 
nally  in  a  given  ratio. 


Lemma  VIII. 


: 


If  C  is  the  middle  point  of  A  A  ; 


A ,  C 

- 1 - 1 - 1— 

<2  P, 


s 

H- 


A 

-f - 1- 

P 


and 


.-.  SA  +  SAt 


CS  :  CA  ::  e  :  I, 
CA  :  CR  ::  e  :  I. 

SA  :  AR  ::  e  :  I, 
SAJ  :  AtR  ::  e  :  i  ; 
AR  -\-AtR  ::  e  :  I, 


P 


For, 
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AAt 

:  2  CR  :: 

e 

1, 

CA 

:  CR  :: 

e  : 

1. 

Again, 

SA,  -  SA 

:  AR  —  AR  :: 

e  : 

1, 

2CS 

:  A  A,  :: 

e  : 

1, 

CS 

:  CA  :: 

*  : 

1. 

Cor.  i. 

CS.  CR  = 

2 

• 

Cor.  2. 

A  S .  SA,  = 

CS 

.ST?. 

For, 

AS.SA  = 

CA 

-  C.S' 

=  CS .  CR  —  CS 2  [Cor.  I. 
=  CS.SR. 

Cor.  3.  AS.SA :  CA.SR  ::  CS  :  CA 

::  e  :  1 

::  SA  :  AR. 

Cor.  4.  SAJ  SA,  :  CA  .  SR  ::  e  :  1. 

For  SAr  SA,  =  CS .  SR  ;  [Cor.  2. 

XX  .  5^  :  CA  .  SR  ::  CS .  SR  :  C4 . 5^ 

::  CS  :  CA 

::  e  :  1. 

Q.  E.  D. 


Lemma  IX. 

The  longest  chord  of  a  circle  that  passes  through  a 
given  pomt  is  the  diameter ,  and  the  shortest  that  perpen- 
dicidar  to  the  diameter ;  and ’  of  the  rest ,  //te  which  is 
nearer  to  the  diameter  is  greater  than  the  more  remote . 


INTR  OD  UCT ION. 


1 1 

Let  5  be  a  point  within  a  circle ;  C  the  centre,  LLt  a 
chord  perpendicular  to  CS. 


Upon  CS  as  diameter  describe  a  circle  CQS,  meeting  a 
chord  Pp  in  Q.  Join  CQ. 

Then  because  CQS  is  a  semicircle,  the  angle  is  a  right 

angle  ;  or  CQ  is  the  distance  from  C  of  the  chord  Pp. 

[E.  iii.  3 1. 

But,  in  the  circle  CQS,  CS  is  the  longest  chord 
through  S,  [E.  iii.  15. 

and,  of  the  rest,  that  which  is  nearer  CS  is  longer  than  the 
more  remote  ;  [E.  m.  7. 

But  in  the  circle  pLA  the  shorter  chord  is  further 
from  the  centre.  [E.  iii.  15. 

Hence  LL (,  whose  distance  is  SC,  will  be  the  shortest 
chord  of  the  circle  pLA  ;  and  of  the  rest  that  chord  which 
is  nearer  to  A  At  will  be  greater  than  the  more  remote.  Q.  E.  D. 
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Def.  If  two  points  SX  be  taken  in  the  diameter  A  A 
of  a  circle,  so  that 

CS.  CX=CA\ 


these  points  are  called  reciprocal  points ;  and  the  lines 
PS.RX,  perpendicular  to  the  diameter,  are  called  polars 
of  X,  S,  respectively. 


Also  X,  S,  are  called  the  poles  of  these  lines. 


Lemma  X. 


The  polar  of  any  point ,  external  to  a  circle ,  passes 
through  the  points  of  contact  of  tangents  drawn  to  the  circle 
from  that  point. 


I  NT R  OB  UC  T I  ON. 
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Let  X  be  an  external  point,  and  let  the  polar  of  X 
meet  the  circle  in  P.  Join  SP. 

Then  •  CS  .  CX  =  CA2  =  CP2 ; 

/.  CX  :  CP  ::  CP  :  CS  ; 
the  triangles  CPX ,  CAP  are  similar  ;  [e.  yi.  6. 

.\  CPX  is  a  right  angle  ; 

PX  is  the  tangent  at  P.  [E.  m.  16. 

Similarly,  the  tangent  at  the  other  point  in  which  PS 
cuts  the  curve  passes  through  X ; 

the  polar  of  an  external  point  & c.  Q.  E.  D. 

COR.  1.  Hence  the  line  joining  the  points  of  contact  of 
tangents  from  an  external  point  is  polar  of  that  point 

COR.  2.  Again,  the  line  passing  through  one  point  of 
contact,  and  perpendicular  to  CAt  will  be  polar  of  X. 


Lemma  XI. 

The  polar  of  any  point  R,  on  the  polar  of  S,  passes 
through  S. 

Join  RC  and  draw  SG  perpendicular  to  CR. 

Then  by  similar  triangles 

CS  :  CG  ::  CR  :  CX ; 

CG  .  CR  =  CS  .  CX  =  CA2  =  CB2 ; 

/.  R  and  G  are  reciprocal  points  ; 

therefore  SG,  through  G,  perpendicular  to  CB,  is  the  polar 
of  R.  But  SG  passes  through  5. 

Therefore  the  polar  & c.  Q.  E.  D. 
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Cor.  3.  Hence  the  line  through  S,  perpendicular 
to  RC ,  passes  through  the  points  of  contact  of  tangents 
from  R. 

Def.  If,  through  a  point  P  on  a  curve,  a  line  PQ  be 
drawn  meeting  the  curve  in  a  point  Q ,  near  P,  then,  if  Q  be 
taken  nearer  and  nearer  to  P  continuously,  the  limiting 
position  of  PQ,  when  Q  moves  up  to  coincide  with  P ,  is 
called  the  tangent  at  P. 


Lemma  XII. 

If  two  curves  on  the  same  axis  have  the  ordmates  cor¬ 
responding  to  the  same  abscissce  always  in  a  constant  ratio , 
the  area  of  the  curves  will  be  in  that  ratio ;  and  the  tan¬ 
gents  to  the  two  curves  at  the  extremities  of  the  same  ordi¬ 
nate  will  meet  on  the  axis . 

Let  APQR,  APlQRl  be  on  the  same  axis  AB,  and  let 


PPtM,  QQN  be  ordinates  parallel  to  RRB .  Then  if 

PM  :  PtM  ::  RB  :  RtB 
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for  each  ordinate,  the  two  areas  will  be  in  the  ratio 

RB  :  RB. 

Also  tangents  at  P,  P,  will  meet  in  BA. 

From  P,  Pt,  draw  Pn ,  P  nt  parallel  to  AB  to  meet 
QN  in  n,  11 . 

Then  the  parallelogram 

PN  :  PN  ::  RB  :  RB. 

In  the  same  manner,  if  QN,  be  another  ordinate 
QN ;  :  QNt  ::  RB  :  RB. 

Now,  if  the  number  of  these  parallelograms  be  increased 
without  limit,  and  the  base  of  each  diminished  without 
limit,  then  the  area  of  one  set  of  parallelograms  PN,  QN, 
& c.  will  become  equal  to  the  area  of  the  curve  APQRB. 

Similarly,  the  area  of  the  other  set  will  become  equal 
to  APQ  R  B ; 

APQRB  :  APQRB  ::  RB  :  RB. 

Also  since  PM,  QN  are  similarly  divided  in  P,  Qt\ 
PQ,  PQJ  will  meet  in  BA .  [L.  3. 

This  will  be  true  if  N  move  up  to  Nif  and  Q  con¬ 
sequently  move  up  to  coincide  with  P . 

But  then  PQ,  PtQt  become  ultimately  tangents  at 
P  P 

.  *  i* 

Hence  the  tangents  at  P,  Pt  intersect  in  BA.  Q.  e.  d. 
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COR.  As  a  particular  case,  if  BA  bisects  all  chords  of 
a  curve  parallel  to  RBt,  then  the  tangents  at  the  ex¬ 
tremities  of  such  a  chord  intersect  on  BA. 

Def.  If,  from  a  series  of  points  on  a  plane,  perpen¬ 
diculars  be  drawn  to  another  plane,  inclined  to  the  former 
at  an  oblique  angle,  the  points  which  are  the  feet  of  these 
perpendiculars  are  called  the  projections  of  the  former  j 
points. 

Def.  The  former  points  are  said  to  be  projected  on 
this  plane. 

Def.  The  lines  joining  each  point  with  its  projection 
are  called  the  projecting  lines. 

Def.  The  line  formed  by  the  projections  of  all  the 
points  of  a  given  line  (straight  or  curved)  is  called  the 
projection  of  the  given  line. 

Def.  The  area  of  a  projected  figure  is  called  the  pro¬ 
jection  of  the  area  of  the  figure  from  which  it  is  pro¬ 
jected. 

Lemma  XIII. 

The  projections  of  parallel  straight  lines  are  parallel 
straight  lines ,  and  their  lengths  are  in  the  same  ratio  as 
those  from  which  they  have  been  projected. 

Let  EF,  a  straight  line  on  the  plane  ABCD,  be 
projected  into  the  line  ef  on  the  plane  A  Bed. 

Then  the  projecting  lines  of  each  point  on  EF  will  be 
perpendicular  to  the  plane  ABCD ,  and  therefore  parallel 
to  one  another.  [E.  xi.  6. 
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Hence  they  will  all  lie  in  one  plane  EFef  perpendicular 
to  A  Bed. 


But  the  projection  of  EF  will  be  determined  by  the 
intersection  of  this  plane  with  the  plane  A  Bed. 

Hence  all  the  points  on  ef  will  lie  in  one  right  line. 

[E.  xi.  3. 

Or  the  projection  of  a  straight  line  will  be  a  straight  line. 

Next,  let  DK ,  any  other  straight  line,  parallel  to  EF, 
be  projected  into  dk. 

Then  the  plane  DKdk  is  manifestly  parallel  to  EFef  \ 
since  Dd,  Dk  are  parallel  to  EF ,  ef\ 

Kd  is  parallel  to  ef. 

Also  KD,  kd  being  parallel  to  EF,  fe,  the  ^  between 
KD,  kd  will  be  equal  to  that  between  EF,  fe ;  [E.  xi.  10. 

and  Ddk  is  a  right  angle,  therefore  =  Eef. 

Hence  DK  :  kd  ::  EF  :  ef. 

COR.  1.  Any  straight  line  is  divided  by  the  projections 


c 
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of  its  points  of  division,  similarly  to  that  from  which  it  is 
projected. 

Cor.  2.  It  is  also  manifest  that  straight  lines  parallel 
to  A B  will  be  of  the  same  length  as  their  projection. 

For  if  cd  be  the  projection  of  CD  parallel  to  AB,  cd 
will  also  be  parallel  to  AB  or  CD  ; 

CDcd  is  a  parallelogram,  and  CD  —  cd. 

Cor.  3.  Also,  lines  perpendicular  to  AB ,  the  intersec¬ 
tion  of  the  planes  will  be  projected  into  lines  perpendicular 
to  AB. 

For  let  BD  be  perpendicular  to  AB ;  Bd  its  projection. 

Then  Bd,  Dd  are  each  perpendicular  to  Fd ;  therefore 
Fd  is  perpendicular  to  the  plane  DdB  ; 

.*.  Bd  is  perpendicular  to  AB.  Q.  E.  D. 


Lemma  XIV. 

The  projection  of  a  tangent  to  a  curve  is  a  tangent  to 
the  projected  curve. 

For,  a  secant  and  its  points  of  intersection  will  evidently 
be  projected  into  a  secant  to  the  projected  curve  and  its 
points  of  intersection. 

Now  let  the  points  of  intersection  move  up  to  coinci¬ 
dence,  and  the  secant  become  a  tangent.  Similarly,  the 
points  of  intersection  on  the  projected  curve  will  move  up 
to  coincide. 

Therefore  the  projected  line  will  become  a  tangent  to 
the  projected  curve.  Q.  E.  D. 
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Lemma  XV. 

A  reas  are  projected  proportionally . 

First  let  the  areas  be  triangles  ABC  and  ABtCt  its 


jL 


projection;  BC  being  parallel  to  the  intersection  of  the 
two  planes. 

Draw  AD  perpendicular  to  BC,  and  let  A/Dl  be  the 
projection  of  AD. 

Then,  because  BC  is  parallel  to  the  intersection  of  the 
planes,  its  projection  BICI  will  also  be  parallel  to  the 
intersection  of  the  planes,  and  equal  to  BC.  [L.  13.  Cor.  2. 

Again,  since  AIDJ  is  the  projection  of  AD,  A  tD (  will  be 
perpendicular  to  the  intersection  of  the  planes,  and  there¬ 
fore  to  BtCr  [L.  13.  Cor.  3. 

I 

Also  if  a  is  the  angle  between  the  planes, 

AD  :  A /DJ  ::  1  :  cos  a. 
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Hence  the  triangle  A BC  :  AlBiC/  ::  I  :  cos  a.  [E.  vi.  i. 

Next,  let  the  projected  area  be  a  triangle  ACE,  none  of 
whose  sides  are  parallel  to  the  intersection  of  the  planes. 


Draw  CB  parallel  to  the  intersection. 

Then  the  triangle 

ABC  :  ABjCt  ::  i  :  cos  a, 

BCE  :  BiCiEJ  ::  i  :  cos  a ; 

/.  A AEC  :  h^AlEtCt  ::  i  :  cos  a. 

Similarly,  any  polygon  and  its  projection  are  divisible 
into  triangles  of  that  ratio. 

Therefore  the  two  polygons  will  be  in  that  ratio. 

But  the  areas  of  curves  are  the  limits  of  the  areas  of 
polygons  of  an  indefinite  number  of  sides. 

Therefore  the  area  of  a  curve  and  its  projection  are  in 
the  same  ratio. 


Therefore  areas,  &c.  Q.  E.  D. 
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Def.  At  any  point  of  a  plane  curve,  a  circle  that  is 
drawn  so  as  to  coincide  most  nearly  with  the  curve  at  that 
point  is  called  the  circle  of  curvature  at  that  point. 

Def.  The  radius  of  this  circle  is  called  the  radius  of 
curvature  at  the  point. 

N.B.  The  radius  of  curvature  and  position  of  the  circle 
of  curvature  vary  for  different  points  of  the  curve ;  each 
radius  measuring  the  degree  of  convexity  (or  curvature) 
of  the  curve  at  a  particular  point. 

Dee.  A  chord  of  the  circle  of  curvature  drawn  in  any 

direction  is  called  the  chord  of  curvature  in  that  direction. 

- 


Lemma  XVI. 

The  circle  of  curvature  at  a  point  is  the  limiting  posi¬ 
tion  of  the  circle  which  passes  through  that  point  and  two 
neighbouring  points  of  the  curve ,  when  those  two  points  each 
move  tip  to  the  first  metitioned point. 

For,  it  is  evident  that,  by  making  the  circle  pass 
through  as  many  consecutive  points  as  possible,  we  get 
the  circle  to  coincide  most  nearly  with  the  curve.  But 
three  points  will  be  sufficient  to  determine  the  circle. 

Therefore  the  circle  of  curvature,  &c.  Q.  E.  D. 

Cor.  Hence  the  circle  touches  the  curve  at  the  point. 

For  they  have  the  same  tangent,  viz.  the  line  passing 
through  two  consecutive  points,  which  will  be  common  to 
the  curve  and  to  its  circle  of  curvature. 
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Lemma  XVII. 

If  PT  be  a  tangent  to  a  curve ,  then  if  from  T  a  line 
be  drawn ,  makmg  a  finite  angle  with  PT ,  and  meeting  the 


curve  in  Q,  and  if  PM  be  the  chord  of  curvature  parallel 
to  T Q,  then  in  the  limit  when  T  moves  iLp  to  P, 

TQ  .  PM  =  TP2. 

Let  TQ  meet  the  circle  in  QMr 

Then,  because  the  circle  is  to  coincide  as  closely  as 
possible  with  PQt  about  the  point  P,  the  ratio  TQ  :  TQt 
will  be  ultimately  unity  when  T  moves  up  to  P. 

Now,  since  the  circle  and  curve  have  a  common  tangent 
at  P,  PT  will  touch  the  circle  ; 

PT2=  TQ  .  TMJ  { 

—  TQ,  .  TM ultimately.  I 

But  TMt  is  ultimately  —PM\ 

PT2=TQ.PM ,  ultimately.  Q.  E.  D. 
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N.B.  This  is  generally  expressed  by  saying  that 
PM  —  limit  of  when  PT  —  o. 

COR.  1.  The  diameter  of  curvature  being  PO,  and  QR 
being  perpendicular  to  PR, 

QR  .  PO  =  PR2. 

For  the  diameter  is  the  chord  perpendicular  to  the 
tangent  PQ. 

Cor.  2.  Chords  of  curvature  equally  inclined  to  the 
tangent  are  equal. 

For  chords  of  any  circle,  equally  inclined  to  a  tangent, 
and  passing  through  the  point  of  contact,  are  equal. 

N.B.  If  PO  be  the  diameter  of  curvature,  PM  any 
chord  inclined  at  z  6  to  the  tangent, 

r 

e  =  pom , 

and  PMO  is  a  right  angle ; 

PM=  OP  sin  6. 
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Definitions. 

i.  An  Ellipse  is  the  locus  of  a  point,  on  a  plane  which 
contains  a  fixed  point  and  a  fixed  right  line,  whose  distance 
from  the  fixed  point  bears  to  its  distance  from  the  fixed 
line  a  constant  ratio  less  than  unity. 


2.  The  fixed  point  is  called  the  Eocus. 


4.  The  constant  ratio  is  called  the  ExcenUicity ,  and  is 
denoted  by  the  letter  e. 
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N.B.  If  APB  be  an  ellipse,  XM  its  directrix,  .S'  its 
focus,  then,  if  any  line  P2PM  be  drawn  perpendicular 
to  XM, 

SP  :  PM  ::  e  :  i, 


and 


SP2  :  PJM  ::  e 


r. 


5.  The  line  joining  a  point  to  the  focus  is.  called  the 
Focal  Distance  of  the  point. 


6.  A  chord  through  the  focus  is  called  a  Focal  Chord. 


Prop.  I. 

Parallel  straight  lines,  drawn  from  points  in  the  curve, 
to  meet  the  directrix,  are  proportional  to  the  focal  distances 
of  the  points. 

Let  LP  be  two  points  on  the  curve ;  parallel  lines, 
drawn  from  L  and  P  to  the  directrix,  will  be  to  each  other 
in  the  ratio  of  SL  :  SP. 

First,  let  the  lines  be  PM,  LK,  each  perpendicular  to 
the  directrix. 

.  Then  SL  :  LK  ::  e  :  1,  [D.  r. 

and  SP  :  PM  ::  e  :  1 ;  [D.  1. 

SL  :  LK  ::  SP  :  PM, 
and  LK  :  PM  ::  SL  :  SP. 

Next  let  PR,  LRt  be  any  other  two  parallels. 
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Then  the  triangles  RPMy  RtLK  are  equiangular  and 
similar ; 

LRt  :  PR  ::  LK  :  PM  [E.  vi.  4. 

::  SL  :  SP. 


Hence  parallel,  &c.  Q.E.D. 

COR.  i.  If  pSPR  be  any  chord  through  S, 

SP  :  PR  ::  Sp  :  pR. 

Also  SR  is  divided  by  the  points  P,  p ,  internally  and 
externally  in  the  same  ratio  of  lesser  inequality. 

Cor.  2.  By  the  same  reasoning  it  is  evident  that  if 
from  any  two  points  QQt,  wherever  situated,  QM,  QM \  be 
drawn  perpendicular  to  the  directrix,  and  QR,  QRt  inclined 
at  any  other  angle, 

SQ }  SQ^QR  :  QR, 
according  as  SQ  :  QM=SQ,  :  QtM, 


Prop.  II. 

An  ellipse  is  a  closed  curve ,  lying  entirely  on  the  same 
side  of  the  directrix  as  the  focusy  and  including  the  focus 
within  it. 

For,  from  any  point  R  of  the  directrix,  draw  a  line 
RPSp  through  the  focus. 

Thus  P ,  p  are  the  points  in  which  the  line  SR  is 
divided  internally  and  externally  in  a  ratio  of  less  in¬ 
equality.  [i.  Cor.  i. 
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Hence  there  are  two  such  points,  and  only  two  ; 

[L.  7.  Cor.  2. 

and  one  lies  between  £  and  R,  and  the  other  on  RS  pro¬ 
duced  beyond  PS. 

Therefore  the  figure  is  a  closed  curve,  &c.  Q.E.D. 

N.B.  The  shape  of  the  ellipse  will  obviously  be  as 
represented  in  the  figure. 

Definitions. 

7.  The  straight  line  XA,  SAd,  drawn  through  the 
focus,  perpendicular  to  the  directrix,  is  called  the  Major 
Axis  of  the  curve. 

8.  The  point  C,  bisecting  AAt,  is  called  the  Centre. 

9.  Any  chord  through  the  centre  is  called  a  Diameter . 

10.  The  points,  where  a  diameter  meets  the  curve,  are 
called  the  Vertices  of  the  diameter. 

11.  The  part  of  a  diameter,  intercepted  between  its 
vertices,  is  called  its  Length. 

12.  The  diameter  BBt,  perpendicular  to  the  major  axis, 
is  called  the  Minor  Axis. 

13.  The  point,  where  a  chord  meets  the  directrix,  is 
called  the  Foot  of  the  chord. 

14.  A  line  drawn  from  a  point  on  the  curve,  perpen¬ 
dicular  to  either  axis,  is  called  an  Ordinate  to  that  axis. 

15.  The  parts,  into  which  an  axis  is  divided  by  the 
ordinate  passing  through  a  point  on  the  curve,  are  called 
the  Abscisses  of  that  point. 
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1 6.  The  focal  chord,  LSLlf  drawn  perpendicular  to  tl 
major  axis,  is  called  the  Latus  Rectum. 

1 7.  The  circle,  described  on  the  major  axis  as  di; 
meter,  is  called  the  Auxiliary  Circle. 


Prop.  III. 

Chords  perpendicular  to  the  major  axis  are  bisected  l 
the  major  axis. 

Let  PNPt  a  chord  perpendicular  to  A  A  t  meet  it  in  P 


Join  SP,  SP/}  and  draw  PM,  PMt  perpendicular  t< 
the  directrix.  .  ; 
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Then,  PMt  being  a  parallelogram, 

PM  —  PtMr 

But  SP  :  SPt  ::  PM  :  P,Mt ; 

SP  =  SPr 

But  PNS  is  a  right  angle ; 

PN  —  NP r  [L.  2.  Cor. 

Therefore  chords,  &c.  Q.  E.  D. 

N.B.  The  chord  PP/  is  sometimes  called  the  double 
rdinate. 

COR.  1.  From  this  it  is  evident  that  no  chord  parallel 
)  the  directrix  can  cut  the  curve  in  more  points  than 
vo.  For  if  possible,  let  Q,  a  point  in  PN,  lie  on  the 
arve; 

QN  =  NP  =  NP,  which  is  impossible. 

COR.  2.  The  perpendicular  to  the  major  axis  through 
ither  of  its  vertices  cannot  meet  the  curve  again. 


Prop.  IV. 

If  a  point  lie  without  an  ellipse,  the  ratio  of  its  distances 
rom  the  focus  and  directrix  is  greater  than  e  :  1 ;  if  with- 
1,  less  than  e  :  1. 

Let  Qq  be  external  points,  Qtqt  internal  points,  on 
le  focal  chord  Pp ;  R  the  foot  of  the  chord. 
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Then  Qq  lying  outside  P  and  p  respectively, 

SQ  :  QR  is  >  SP  :  pR,  [l.  7.  Cor.  i. 

■ 

and  Sq  :  qR  is  >  Sp  :  pR  ;  [L.  7.  Cor.  i. 


therefore  the  ratio  of  the  distances  of  Q  or  q  from  the 
focus  and  directrix  is  greater  than  the  ratios  of  the  dis¬ 
tances  of  P  or  /,  [1.  Cor.  2. 

that  is  >  e  :  1.  [D.  1. 

Similarly,  the  ratio  of  the  distances  of  Q<qt  from  the 
focus  and  directrix  is  less  than  that  of  the  distances  of 
P,  py  and  therefore  less  than  e  :  1. 

Hence,  if  a  point,  &c.  Q.  E.  D. 
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Prop.  V. 

No  straight  line  can  meet  the  curve  in  more  points 
than  two. 

For,  if  it  be  possible,  let  a  chord  PQp  meet  the  curve 
in  P,  Q,  p. 

Produce  PQp  to  meet  the  directrix  in  R. 


R 


Join  SR,  SP,  SQ,  Sp,  and  produce  pS  to  pr 

Then  Sp  :  SQ  ::  pR  :  QR  ;  [1.  Cor.  i. 

z  QSR  =  RSpr  [E.  vi.  a. 

Similarly,  z  PSR  =  R  Spt ; 

lQSR=PSR; 
which  is  impossible. 
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But,  if  PQp ,  when  produced,  do  not  meet  the  directrix, 
PQp  is  perpendicular  to  the  axis  major,  and  cannot  meet 
the  curve  in  more  points  than  two.  [3.  Cor.  i. 

Hence,  no  straight  line,  &c.  Q.  E.  D. 


I 

1 


Prop.  VI. 

If  X  be  the  foot  of  the  major  axis ,  and  B  an  extremity 
of  the  minor  axis ; 


For,  since  A,  A t  are  points  on  the  curve, 

SA  :  AX  ::  e  :  1,  [D.  1. 


THE  ELLIPSE . 


33 


and  SAt  :  A  X  ::  e  :  i  ;  [D.  i. 

therefore  the  points  A,  A t  divide  SX  internally  and  ex- 
ternally  in  the  ratio  e  :  I. 

But  C  is  the  bisection  of  AA.  m.  8. 

' 

Hence  CS  :  CA  ::  e  :  i,  [L.  8. 

and  CA  :  CX  ::  e  :  i  ;  [L.  8. 

CS  :  CA  ::  dH  :  CX  ::  e  :  i. 

Again,  £2?  :  :  i,  [D.  i. 

::  (Ad  :  CX; 

SB  =  CA. 

Therefore,  if  X,  &c.  Q.  E.  D. 

Cor.  i.  A5  :  CX  ::  :  i. 

Cor.  2.  CS.  CX  =  AA2.  [e.  vr.  16. 

Prop.  VII. 

The  semiaxis  minor  is  a  mean  proportional  between  the 
parts  into  which  the  focus  divides  the  major  axis. 

BC2  =  AS.  SAt. 

For  SB2  =  CA2 

=  AS.  SA 4  +  CS2. 

But  SB2  =  BC2  +  CS2; 

BC2  =  AS .  SAr  Q.  E.  D. 

Cor.  i.  CS .  SX  =  BC2. 

For  CS.  SX  =  AS  .  SA, 

^BC2. 


16. 

[E.  ii.  5. 
[E.  i.  47. 


[L.  8.  Cor.  2. 
D 
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Cor.  2. 
For 


SL  is  a  third  proportional  to  CA ,  SC. 

SX  :  SX  ^  :  i  [d.  i. 

::  CS  :  CA  ;  [6. 

CA  .SL  =  CS  .SX 

=  BC2'}  [Cor.  I. 

.*.  CA  :  BC  ::  BC  :  SS.  q.  e.  d. 


Cor.  3. 
For 


and 


SX  :  CX  ::  BC 2  :  <X42. 
CS .  SX  =  BC\ 
CS.CX=CA 2; 

\  SX  :  CX  ::  SC2  :  <C42. 


[Cor.  t. 
[6.  Cor.  2. 


N.B.  In  the  usual  notation,  CA  is  represented  by  ay 
CB  by  b ; 


a 


.*.  CS  —  ea  ;  CX  =  -  ;  and  b2  =  ( 1  —  e2)a2. 


Prop.  VIII. 

Four  times  the  rectangle  contained  by  the  parts  of  a 
focal  chord  is  equal  to  the  rectangle  contained  by  the  whole 
chord  and  the  latus  rectum. 


Let  PSp  be  any  focal  chord,  R  its  foot. 

LLr  Pp  =  4SP .  Sp. 

Since  SP  :  PR  ::  Sp  :  pR ;  [i.Cor.  i. 

SP-  Sp  :  \Pp .  SR  ::  Sp  :  pR  [L.  8.  Cor.  4. 

::  \SL  :  SR  p. 

::  \LLt  :  SR  ;  p. 
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SP.  Sp  =  \Pp.LL , 
and  4 SP .  Sp  =  Pp .  LLr  Q.  E.  D. 


1  1  _  2 
SP  +  ~Sp~SZ' 


For 


Sp  +  SP  _  2 
*S> .  SP  ~  SL 

I  I  2 


SP  +  sp  SL 


*  • 


Prop.  IX. 

The  sum  of  the  focal  distances  of  any  point  on  the 
curve  is  constant ,  and  equal  to  the  major  axis , 

SP  +  PH=AA,. 

Draw  PM  perpendicular  to  the  directrix.  Join  MS, 
meeting  the  minor  axis  in  K,  and  PK ,  meeting  the  major 
axis  in  G. 
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Also  join  HK. 

Then  because  PM  is  parallel  to  CX, 


GS  :  PM 


GS  :  SP 


KS 

CS 

el 

SP2 

SP 


KM 

CX 

i 

PM2; 

PM. 


[E.  VI.  4. 
[E.  vi.  4. 
[6.  Cor.  i  • 
[D.  1. 


But  the  z  GSP  =  SPM,  being  alternate  angles ; 

z  SPK  —  PMS  [E  vi.  6. 

=  HSK 
=  KHS ; 


therefore  a  circle  can  be  described  about  the  quadri¬ 
lateral  SPHK.  [E.  hi.  23. 

But  the  chords  of  this  circle,  KS .  KH,  are  equal. 


Hence  the  subtended  angles,  KPS,  KPH  are  equal. 

[E.  hi.  28. 


.-.  HP  :  HC 

:  SP  :  SG, 

[E.  vi.  3. 

HP  +  SP  :  HG  +  SG 

:  SP  :  SG 

:  PM  :  SP 

:  1  :  e 

[D.  1. 

:  A  A,  :  SH; 

[6. 

:.  HP  +  SP  —  AAr 

Q.  E.  D. 

COR.  1.  From  the  course  of  the  proof  it  is  evident 
that  the  triangles  KPM,  KSP  are  similar ; 

KP*  =  KS.  KM.  [E.  vi.  4. 

Cor.  2.  The  minor  axis  bisects  all  chords  parallel  to 
the  major  axis. 
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For,  produce  MP  to  meet  the  curve  in  P  t,  and  let 
PP \  cut  the  minor  axis  in  n. 

KP 2  =  KS  .  KM.  [Cor.  i. 

Similarly,  KP ,*  =  KS  .  KM ; 

KP  =  KPt ; 

Pn  =  Ptn,  [L.  2.  Cor. 

or  PP 4  is  bisected  in  n.  Q.  E.  D. 

COR.  3.  From  this  it  is  evident  that  the  curve  is  sym¬ 
metrical  with  regard  to  the  minor  axis,  as  well  with  regard 
to  the  major  axis  ;  [3. 

Hence  the  two  axes  will  divide  the  curve  into  four 
equal  and  every  way  similar  quadrants. 

Also,  since  any  lines  through  the  centre  equally  in¬ 
clined  to  the  major  axis  in  these  respective  quadrants  will 
be  equal,  it  will  follow  that  every  diameter  is  bisected  at 
the  centre,  and  that  diameters  equally  inclined  to  the 
major  axis  are  equal. 

Cor.  4.  PG .  PK  =  HP .  SP. 

For,  the  triangles  KPS ,  HPG  are  similar; 

-  PK  :  SP  ::  HP  :  PG;  [E.vi.4. 

PG .  PK  =  HP .  SP. 

Cor.  5.  KG  :  KP  ::  e 2  :  1, 
and  PG 2  :  SP,  HP  ::  BO  :  CA\ 

For  KG  :  KP  ::  KS  :  KM 

::  CS  :  £X 

::  e 2  :  I.  [6.  Cor.  i. 

KG  :  KP  ::  CS  :  CX ; 


Also 
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:.  PG  :  KP  ::  XX  :  CX 
::  BC 2  :  CA 2; 
P62  :  KP  .PG  ::  XX2  :  £X2, 
PG 2  :  HP.  SP  ::  XX2  :  (f^2. 
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[7.  Cor.  3. 


[Cor.  4. 


Prop.  X. 

» 

The  stmt  of  the  focal  distances  of  any  point  exterior 
to  the  ellipse  is  greater  than  the  major  axis ;  of  any  point 
interior ,  less. 

Let  a  line  HP  meet  the  ellipse  in  P,  and  let  Q,  Qt  be 
an  interior  and  exterior  point  respectively. 


Then  SQ  +  HQ  is  <  SP  +  HP ,  [E.  1. 21. 

SQt  +  HQt  is  >  SP  +  HP.  [E.  1. 21. 


and 


40 


But 


and 
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SP  +  HP  =  AAt ; 

.*.  SQ  +  HQ  <  A  AJ} 

SQl  +  HQl>AA/.  Q.e.d. 


[9. 


COR.  From  this  it  is  evident  that  if  an  inextensible 
string  have  its  ends  fixed  at  X  and  H ,  and  be  kept 
stretched  by  a  pencil  at  P,  the  pencil  will  describe  an 
ellipse,  whose  major  axis  is  equal  to  the  length  of  the 
string,  and  whose  foci  are  S  and  H. 


Prop.  XI. 

The  curve  may  be  described  with  the  conjugate  focus 
and  conjugate  directrix. 


Let  P  be  any  point  on  the  curve.  Draw  MPMt  per¬ 
pendicular  to  the  directrices.  Join  SP  .HP. 


THE  ELLIPSE. 

Then  SP  +  HP  =  2CA. 

But  MP  +  PM,  =  2  OX  \  • 

SP  +  HP  :  MP  +  PM,  ::  CA  :  CAT 

^  :  I 

::  SP  :  PM  ; 

therefore  also  HP  :  PJT  ::  e  :  i 

or  the  ellipse  may  be  described  with  H  and  X, M,  as  focus 
and  directrix,  and  with  the  same  excentricity.  Q.  E.  D. 

Cor.  If,  through  P,  any  line  RPR,  be  drawn  to 
the  directrices, 

SP  :  HP  ::  PR  :  PR,. 


4i 

[9- 

[6. 
[D.  1. 


Prop.  XII. 

The  foot  of  any  chord  is  centre  of  similitude  of  circles 
described  through  the  focus ,  with  the  extremities  of  the 
chords  as  centres.  And  the  tangents  to  these  circles  drawn 
from  this  centre  of  similitude  will  be  parallel  to  the  tan¬ 
gents  to  the  auxiliary  circle ,  drawn  through  the  foot  of  the 
diameter  to  which  the  chord  is  parallel. 

Let  R,  be  the  foot  of  the  chord  (22, »  and  R  of  the 
parallel  diameter. 

Draw  RT  a  tangent  to  the  auxiliary  circle,  and  Rf 
parallel  to  RT. 

Join  CT ,  and  draw  Qt  perpendicular  to  Rf  and  QM 
perpendicular  to  the  directrix. 

Then  CA  :  CX  ::  e  :  1  [6. 

::  SQ  :  QM ;  [D.  i. 
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. .  CA  :  CR  ::  SQ  :  QRt\  [E. vi.  4.  ! 
CT  :  CR  ::  SQ  :  QRr 


But  by  similar  triangles 

CT  :  CR  ::  Qt  : 

Hence  SQ  =  Qt; 

and  the  circle  described  through  5  with  Q  as  centre  will 
pass  through  /,  and  touch  i?/. 

Similarly,  the  circle  described  from  with  radius  QtS, 
will  touch  Rt. 
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And,  in  the  same  manner,  they  will  touch  the  line 
drawn  through  Rt,  parallel  to  the  other  tangent  drawn 
from  R  to  the  auxiliary  circle. 

Hence  Rt  will  be  centre  of  similitude  of  the  two  circles, 
and  the  tangents  from  Rt  will  be  parallel,  &c.  Q.  E.  D. 

Cor.  Exactly  the  same  proof  would  shew  that  if  we 
take  any  other  point  in  QQt  as  centre,  and  describe  a  circle 
through  the  point  which  divides  the  perpendicular  to  the 
directrix  therefrom  in  the  ratio  e  :  i  —  e,  this  circle  will 
also  touch  Rp,  and  the  other  tangent  through  Rr 

Prop.  XIII. 

Parallel  chords  are  bisected  by  the  diameter  passing 
through  the  intersection  of  the  directrix  with  the  line  through 
the  focus  perpendicular  to  the  chords . 

Let  QQI  be  a  chord  parallel  to  the  diameter  CP ;  RR 
the  feet  of  the  chord  and  diameter;  SG  the  focal  chord 
perpendicular  to  them.  QQt  will  be  bisected  by  the  dia¬ 
meter  through  G. 

Bisect  QQ'  in  m. 

Let  GS  intersect  the  chord  and  diameter  in  gtg,  and 
meet  in  p  the  tangent  Rttt  to  the  circles  through  X  with 
centres  QQr  [12. 

Also  from  R  draw  RT  parallel  to  Rtf  touching  the 
auxiliary  circle  in  T .  Join  pm. 

Then  CS  .  CX  =  CA2.  [6.  Cor.  i. 

Therefore  X  is  the  pole  of  RX  with  regard  to  the 
auxiliary  circle  ;  [L.  io.  Cor.  2. 

and  the  polar  of  R  passes  through  X,  and  is  perpendicular 
to  CR.  [L.  11.  Cor.  3. 

Hence  XX  is  the  polar  of  R,  and  passes  through  T. 
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Now  SG  passing  through  N  and  perpendicular  to  QQt 
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.*.  mpRi  is  a  right  angle. 

Hence  the  similar  triangles  mPR,  CTR  are  similarly 
divided  by  pg,  Tg ; 

mg,  •  g,R,  "■  Cg  :  gR.  [L.  i. 

Hence  the  three  lines  mC,  g,g,  RR  pass  through  jx.  3. 
one  point ;  or  m  lies  on  the  diameter  CG.  Q.  E.  D. 

COR.  I.  The  line  joining  the  bisections  of  two  parallel 
chords  passes  through  the  centre. 

For  this  line  will  be  the  bisecting  diameter. 

COR.  2.  The  diameter  bisecting  any  chord  will  bisect 
any  other  parallel  chord. 

Cor.  3.  If  two  chords  are  bisected  by  the  same  dia¬ 
meter,  they  are  parallel  to  one  another. 

For  let  CG  be  the  bisecting  diameter.  Then  SG  is 
perpendicular  to  each  chord ;  therefore  they  are  parallel  to 
each  other. 


Prop.  XIV. 

The  rectangle  contained  by  any  diameter  of  the  ellipse , 
and  the  perpendicular  chord  of  the  auxiliary  circle  which 
passes  through  the  focus ,  is  equal  to  the  rectangle  contained  by 
the  axes. 

Let  PCPt  be  any  diameter,  R  its  foot ;  R T,  R X,  tan¬ 
gents  to  the  auxiliary  circle. 

Draw  PK  perpendicular  to  R  T. 

Now  CS .  CX  =  CA2 ;  [6.  cor.  2. 

.*.  TTt  passes  through  X  and  is  perpendicular  to  RC; 

[L.  10  and  L.  r  r. 

*.  TTt  is  bisected  in  g.  [E.  m.  3. 


4  6 
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Again,  PK  =  PS,  *  [12. 


and  TK2=TS.STl 
—  AS .  SA, 
=  BC\ 


[L.  /j. «  Cor* 
[E.  hi.  35. 
[7- 


But  CP  :  TK  :: 

::  CT  :  7^*  [E.  vi.  8. 

::  CA  :  Tig; 

or  PPt  :  7?i?  ::  AAt  :  TTt\ 

PPt .  TTt  =  .  A  A,.  Q.  e.  d. 

Cor.  1.  Since  the  diameters  of  the  ellipse  vary  in¬ 
versely  as  the  perpendicular  chords  of  the  auxiliary  circle 
through  S,  the  minor  axis  will  be  the  least  diameter,  being 
perpendicular  to  the  diameter  AAr  [L.  9. 

Also  the  major  axis  will  be  the  greatest,  being  perpen¬ 
dicular  to  the  shortest  chord. 
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And  of  the  rest,  that  which  is  nearer  to  the  major  axis 
will  be  greater  than  the  more  remote. 

COR.  2.  It  is  proved  in  the  foregoing  proposition  that 

TK  =  BC. 

Hence  if  A  A  is  drawn  tangent  to  the  auxiliary  circle 

RT  :  RC  ::  BC  :  CP. 
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Prop.  XV. 

The  rectangles  contained  by  the  segments  of  secants  drawn 
to  an  ellipse  from  an  exterior  point  are  in  the  same  ratio  as 
the  squares  of  the  parallel  semi-diameters . 

Let  Oppt,  Oqqt  be  two  secants  drawn  from  an  exterior 
point  0  parallel  to  CP,  CQ  ; 

Op.  0pt  :  Oq.Oqi  \\  CP 2  :  CQ 2. 
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At  distance  Or  describe  a  circle  about  0,  and  from  Rt 
the  foot  of  the  chord  ppt  draw  Rt  tangent  to  the  circle. 

Then  the  point  Rt  will  be  a  common  centre  of  similitude 
of  this  circle,  and  of  the  circles  described  through  S'  with 
p,  pt  as  centres.  [12.  Cor. 

Therefore  if  a  tangent  from  S'  to  the  circle  tr  meet 
it  in  K ,  and  SK  be  joined  ; 

SK 2  :  Op.  Opt  ::  Rt2  :  Rfl2.  [L.  6.  Cor.  2. 

But  Rp2  :  RtO 2  ::  BC2  :  CP2 ;  [i4.  Cor.  2. 

.*.  SK2  :  Op.  Op '  ::  BC2  :  CP2, 

and  Op  .  Op ■  :  CP2  ::  SK 2  :  BC2. 

Similarly,  Oq .  0qt  :  CO2  ::  SK 2  :  A£72 ; 

/.  Op,  0pt  :  Oq,  0qt  ::  CP2  :  (SQ2. 

It  is  likewise  evident  that  if  Ob,  Ob t  be  drawn  parallel 
to  the  minor  axis,  Ob .  Ob /  =  SK2. 

For  =  Sb,  =  Or, 

and  a  circle  equal  to  rtK  would  be  described  through  b,  b 
with  centre  S' ; 

.*.  Ob.  Ob=SK 2; 

/.  Op.  0pt  :  Ob.  Ob'  ::  CP2  :  CB2. 

Therefore  the  rectangles  &c.  Q.  E.  D. 

N.  B.  It  is  evident  that,  Or  being  less  than  SO,  [4. 
S  will  lie  exterior  to  the  circle. 

COR.  Tangents  from  an  external  point  to  an  ellipse 
are  in  the  same  ratio  as  the  parallel  semi-diameters. 

For  if  the  points  q,  qt  coincide  and  also  p,  pk, 

Op,  Oq  become  tangents  at  p,  q\ 

:.  Op2  :  Oq2  ::  CP2  :  CQ2, 

Op  :  Oq  ::  CP  :  CQ. 

E 
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Prop.  XVI. 


The  rectangles  contained  by  the  segments  of  chords,  drawn 
to  an  ellipse  through  an  interior  point,  are  in  the  same  ratio 
as  the  squares  of  the  parallel  semi-diameters. 


Let  pOp t,  qOqt  be  chords,  drawn  through  0,  parallel  to 
CP,  CQ  ; 

pO .  Op,  :  qO .  Oqt  ::  CP 2  :  CQ2. 

Draw  Om  perpendicular  to  the  directrix,  and  describe 
a  circle  rnnt  from  O,  so  that 

Or  :  Om  ::  e  :  i. 

Also  let  nSnt  be  a  chord  of  this  circle  through  S. 

Then,  Rt  is  a  centre  of  similitude  to  the  circle  rnnt,  and 
to  the  two  circles  described  through  X  [12.  Cor. 

with  p,  pt  as  centres. 

Therefore  nS.Snt  :  pO.Opt  ::  BC2  :  CP2. 

[L.  6.  Cor.  2  and  t 4.  Cor.  2. 
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Also  nS.Sn ,  :  qO.Oq /  ::  BO  :  CV22; 

/.  pO.Op  :  qO .  Oq,  ::  CP 2  :  <TQ2.  Q.  E.  D. 

The  rectangles  &c. 

N.  B.  It  is  evident  that  5  will  be  within  this  circle.  [4- 
Cor.  If  Pp  be  a  focal  chord  parallel  to  the  diameter 


Q.CQ\ 

Pp.AA=QQ% 


::  LLt  :  AAt ;  [7.  Cor.  2. 

.*.  LLt .  Pp  :  4Cg2  ::  LLt  :  ;  [8. 
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:.  Pp.AAt  =  4 CQj 

=  QQl  Q.E.D. 

N.  B.  The  focal  chords  are  sometimes  called  para¬ 
meters  to  the  diameters  to  which  they  are  parallel,  and 
Props.  15  and  16  are  sometimes  stated  thus : 

At  any  point  the  rectangles  under  the  segments  of  any 
chord  or  secant  vary  as  the  parallel  parameters. 

Definitions. 

20.  The  diameter  parallel  to  the  chords  bisected  by  a 
given  diameter  is  called  the  Conjugate  Diameter. 

21.  The  half  of  the  bisected  chord  is  called  the  Ordi¬ 
nate  of  its  extremity. 

22.  The  parts  into  which  a  diameter  is  divided  by  the 
ordinate  of  a  point  are  called  the  Abscissce. 

23.  Chords  joining  any  point  on  a  cur\^  to  the  extre¬ 
mities  of  a  diameter  are  called  Supplemental  Chords. 


Prop.  XVII. 


If  one  of  two  supplemental  chords  is  parallel  to  a  dia¬ 
meter,  the  other  is  parallel  to  its  conjugate. 


Let  PCPt  be  any  diameter,  PQ,  PQ  any  two  supple¬ 
mental  chords.  If  PQ  is  parallel  to  any  diameter  CM, 
PQ  will  be  parallel  to  the  diameter  conjugate  to  CM. 


Draw  CN  the  conjugate  diameter  to  CM,  and  let  CM 
cut  QPt  in  m. 


Then  because  CP  —  CPt,  and  CM  is  parallel  to  PQ  ; 

[9.  Cor.  3. 


/.  Pm  —  mQ. 
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Hence  CM  is  the  diameter  bisecting  QPt ; 

QPt  is  parallel  to  CN ;  [D.  20. 

that  is,  QPt  is  parallel  to  the  conjugate  diameter.  Q.  E.  D. 


Cor.  1.  If  CN  is  conjugate  to  CM, 

CM  will  also  be  conjugate  to  CN. 

For,  through  the  extremity  of  any  diameter  PP,  draw 
PQ  parallel  to  CN.  Join  PQ. 

PQ  is  bisected  by  CM ;  [D.  20. 

PQ  is  parallel  to  CM.  [e.  vi.  2. 

But  CN  is  parallel  to  PQ  and  passes  through  the 
middle  point  of  PPt ; 

.'.  Pm  —  mQ. 

Hence  CN  is  the  diameter  bisecting  PQ ;  therefore 
CM,  which  is  parallel  to  PQ,  is  conjugate  to  CN.  Q.  E.  D. 

[D.  20. 
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N.B.  The  relation  of  conjugate  diameters  to  one 
another  is  mutual,  and  we  speak  of  two  conjugate  diameters. 
Also  the  axes  are  evidently  conjugate  diameters. 

COR.  2.  The  diameters  bisecting  supplemental  chords 
are  conjugate  diameters. 

Prop.  XVIII.  j 

Tangents  at  the  extremities  of  a  diameter  are  parallel  to 
the  conjugate  diameter. 

Let  PCPt  be  any  diameter ;  the  tangent  at  P  is  parallel 
to  the  conjugate  diameter. 


T 


Take  any  point  Q  near  P.  Draw  Cm  bisecting  PQ. 
Then,  PQ  being  bisected  by  Cm, 
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Any  other  chord  parallel  to  PQ  is  bisected  by 
Cm.  I1 3-  Cor.  2. 

Let  Q  move  up  to  coincide  with  P. 

Therefore  Cm  will  in  direction  ultimately  coincide  with 
CP. 

But  PQ  will  become  the  tangent  at  P. 

Hence  any  chord  parallel  to  the  tangent  at  P  will  be 
bisected  by  CP. 

Therefore  the  tangent  at  P  is  parallel  to  the  1D*  2°- 
conjugate  diameter.  Q.  E.  D. 

Cor.  1.  Tangents  at  the  extremities  of  the  axes  are 
perpendicular  to  them. 

Cor.  2.  The  line  joining  the  points  of  contact  of 
parallel  tangents  is  a  diameter. 


Prop.  XIX. 

Tangents  at  the  extremities  of  a  chord  meet  in  the  bisect¬ 
ing  diameter. 

Let  QQt  be  any  chord  of  an  ellipse,  m  its  middle  point. 
Tangents  at  QQJ  meet  in  Cm. 

For  Cm  will  bisect  any  chord  of  the  ellipse  Ir3-  Cor.  2. 
parallel  to  QQt. 

Therefore  tangents  at  the  extremities  of  any  tL-  P*-  Cor. 
of  these  chords  meet  in  Cm. 

Hence  tangents  at  the  extremities  &c.  Q.  E.  D. 

Cor.  Hence,  the  line  joining  the  centre  with  the  point 
of  intersection  of  two  tangents,  bisects  the  chord  joining 
the  points  of  contact. 
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Prop.  XX. 

The  points  in  which  any  two  parallel  tangents  are  inter¬ 
sected  by  a  third  tangent  lie  on  conjugate  diameters. 

Let  Dt ,  D/l  be  two  parallel  tangents ;  tPtt  a  third 
tangent.  Ct,  Ct,  are  conjugate  diameters. 

Join  PD,  PDr 


Then,  because  Dty  Dpt  are  parallel  tangents,  [17.  Cor.  2. 
DDt  is  a  diameter. 

Therefore  PD,  PDt  are  supplemental  chords. 

But  Ct,  Ctt  bisect  PD,  PD <  respectively.  [r8-  Cor. 

Therefore  Ct,  Ctk  are  conjugate  diameters.  Q.  E.  D. 

[16.  Cor.  1. 
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Prop.  XXI. 

If  an  ordinate  be  drawn  to  any  diameter ,  the  rectangle 
contained  by  the  abscissae  :  square  of  ordinate  ::  square  of 
semidiameter  :  square  of  conjugate  semidiameter. 

Let  QM  be  an  ordinate  to  the  diameter  PCPt)  CD  the 
conjugate  semidiameter ; 

PM.  MPt  :  QM 2  ::  CP2  :  CD2. 


T 


Produce  PM  to  meet  the  curve  in  Qt. 

Then  QM  =  MQ, 

But  PM.  MP/  :  QM.MQt  ::  CP 2  :  CD2 ;  [16. 

PM .  MPi  :  QM 2  ::  CP 2  :  CZ72. 

Therefore  if  an  ordinate  &c.  Q.  E.  D. 
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Prop.  XXII. 

If  an  ordinate  PN  to  the  major  axis  of  the  ellipse  be 
produced  to  meet  the  auxiliary  circle  in  Q , 

QN  :  PN  ::  CA  :  BC. 


For  AN.  NAt  :  PN 2  ::  CA2  :  BC2.  [«• 

But  AN.  NA=QN2 ; 

.’.  QiV2  :  PiV"2  ::  (TX2  :  BC\ 

or  ::  CA  :  PP. 

Cor.  i.  Exactly  the  same  proof  will  shew  that  if  Pn 
the  ordinate  to  the  minor  axis  be  produced  to  meet  the 
circle  on  the  minor  axis  in  q, 

qn  :  Pn  ::  BC  :  CA. 
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Cor.  2.  Hence  the  area  of  the  ellipse  ;  area  of  jx.  12. 
auxiliary  circle  ::  BC  :  CA. 

Cor.  3.  Also  area  of  ellipse  :  area  of  circle  on  [L- I2- 
minor  axis  ::  CA  :  BC. 

Cor.  4.  The  area  of  an  ellipse  is  a  mean  proportional 
between  the  areas  of  circles  described  on  the  axes. 


Prop.  XXIII. 

Any  semidiameter  is  a  mean  proportional  between  the 
distances  from  the  centre  of  the  points  where  it  meets  the 
ordinate  of  any  point ,  and  the  tangent  at  that  point. 


If  CD  is  any  semidiameter,  pt  ordinate  and 
tangent  at  p , 


Cn  .  Ct  —  CD2. 


Through  D  draw  DQ  the  chord  parallel  to  pt. 
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Join  DQ,  and  draw  Qm  ordinate  to  CD. 

Then,  because  DQ ,  DQ,  are  supplemental  chords,  there¬ 
fore  they  are  parallel  to  conjugate  diameters.  [l6- 

But  DQ  is  parallel  to  pt. 

Therefore  DQ  is  parallel  to  Cp.  t*7* 

Also  Qm  is  parallel  to  pn. 

Therefore  the  triangles  DQD,  Cpt  are  similar  and 
similarly  divided. 

Hence  Qn?  :  ptf  ::  Dm.mDt  :  Cn.nt.  [L.  *• 

But  Qm 2  :  pn 2  ::  Dm.mDt  :  Dn.nDp,  [**• 

.*.  Cn  .nt  —  Dn .  nD{. 

Add  to  each  Ctf  ; 

Cn .  Ct  —  Dn  .  nDt  +  Cr? 

=  CD2.  Q.  E.  D.  [E.  ii.  5- 

Definitions. 

24.  Two  points  nt  situated  on  the  same  diameter  CD , 
and  on  the  same  side  of  the  centre,  so  that  Cn .  Ct  =  CD 2, 
are  called  reciprocal  points . 

25.  The  line  through  either  of  them,  drawn  parallel  to 
the  ordinates  of  CD}  is  called  the  polar  of  the  other. 

26.  And  conversely  the  other  point  is  called  the  pole 
of  this  line. 

N.  B.  It  is  evident  from  the  last  proposition  that  the 
polar  of  an  external  point  is  the  line  joining  the  points  of 
contact  of  tangents  from  that  point. 

And  conversely  the  pole  of  any  chord  is  the  point  of 
intersection  of  tangents  at  its  extremities. 
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Prop.  XXIV. 

The  polar  of  any  point  on  a  straight  line  passes  through 
the  pole  of  that  line. 

Let  OT  be  any  straight  line,  meeting  in  0  the  diameter 
CA,  to  which  it  is  an  ordinate. 


The  polar  of  any  point  T  on  OT  passes  through  B  the 
pole  of  OT. 

Join  CT  meeting  the  ellipse  in  P. 

Through  B  draw  BN  an  ordinate  to  CP,  and  draw  P  V 
the  tangent  at  P,  meeting  CA  in  Vy  and  parallel  to  BN.  [18. 

Also  draw  Pn  an  ordinate  to  CA,  and  therefore  parallel 
!  to  OT'. 
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Then  Cn .  CV  —  CAZ  t23- 

=  CO  .  CB ;  IP-  24-  25- 

6/2  :  CV9  ::  (7i?  :  67  V. 

But  Cn  :  6Y7  ::  CP  :  CT, 

since  nP  is  parallel  to  OT; 

and  CB  :  CV  ::  CN  :  <7P; 

.%  CP  CT  ::  CAT  :  CP ; 

...  CN.CT=CP\ 


Hence  NtT  are  reciprocal  points. 

[D.  24. 

But  BN  is  ordinate  to  CP  ; 

T  is  the  pole  of  BN ; 

[D.  25* 

/.  the  pole  of  i?7V  lies  on  0T  Q.  E.  D. 
COR.  Let  X  be  the  foot  of  the  major  axis. 
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Then  CS .  CX  =  CA 2 ;  [6.  Cor.  2. 

5  and  X  are  reciprocal  points  1D*  *4- 

.*.  S  is  the  pole  of  the  directrix,  and  tD-  25- 
X  of  the  latus  rectum.  tD-  ^5- 


Hence  the  pole  of  any  focal  chord  lies  on  the  directrix. 


Prop.  XXV. 

The  pole  of  a  line  which  passes  through  a  fixed  point  lies 
on  the  polar  of  that  point. 

Let  OT  be  the  polar  of  B;  the  pole  of  any  line  BN 
through  B  will  lie  on  OT. 
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.Draw  CPT  the  diameter  which  bisects  chords  parallel 
to  BN. 

Then,  the  construction  of  last  proposition  remaining, 

Cn  :  CO  ::  CP  :  CT, 
and  CV  :  CB  ::  CP  :  CN ; 

Cn  .CV  :  CB  .CO  ::  CP 2  :  <CTV.  CT. 


But  Oz .  CV  =  CA2,  [22. 

and  CB.CO=CA2;  [D.  24. 25. 

CP2=CN.CT. 

Hence  TV,  T  are  reciprocal  points,  [D-  24. 

and  T  is  the  pole  of  BN;  [D.  25. 


the  pole  of  BN  lies  on  OT.  Q.  E.  D. 

COR.  The  polar  of  any  point  on  the  directrix  passes 
through  the  focus.  [24  Cor. 


Prop.  XXVI. 

The  angle  subtended  at  the  focus  by  any  chord  is  bisected 
by  the  straight  line,  through  the  focus,  perpendicular  to  the 
line  joining  the  focus  to  the  foot  of  the  chord. 

Let  RJ  be  the  foot  of  a  chord  QQr 
Draw  SK  bisecting  z  QSQr  Join  KR. 

Then  QR  :  Q,R  ::  QS  :  QtS ;  H 

SR  bisects  the  angle  exterior  to  QSQt.  tE-  VI-  A* 
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But  SK  bisects  QSQt ; 

.*.  KSR/  is  a  right  angle  ; 
or  KS  is  perpendicular  to  SR. 

Therefore  the  angle,  &c.  Q.  E.  D. 

Prop.  XXVII. 

Tangents  from  a  point  on  the  directrix  subtend  a  right 
angle  at  the  focus . 

In  the  last  proposition  let  Qt  move  up  to  Q,  and  the 
angle  QSQ t  vanish. 

Then  SO,  will  ultimately  coincide  with  the  bisector  of 
the  angle  QSQr 

F 
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But  QQ ,  becomes  the  tangent  at  Q ,  and  the  angle  QSR} 
becomes  ultimately  a  right  angle  ;  i.  e.  the  tangent  from  Rt, 
a  point  on  the  directrix,  subtends  a  right  angle  at  the  focus, 

Therefore  tangents,  &c.  Q.  E.  D. 


Cor.  i.  The  line  through  the  focus,  perpendicular  to 
SRlt  will  be  the  polar  of  Rr 

For  the  polar  of  R/  passes  through  S,  [25.  Cor. 

and  the  polar  of  Rt  passes  through  Q  ;  [D.  26.  N.B. 

hence  QS  is  polar  of  Rr 

But  QS  is  perpendicular  to  SRr 

Cor.  2.  Since  the  line  RtS  is  perpendicular  to  SQ,  it 
is  evident  that  RtS  is  a  tangent  to  the  circle  described  with 
centre  Q  through 
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Therefore  RtS  is  parallel  to  a  tangent  drawn  to  the 
auxiliary  circle  from  the  foot  of  the  diameter  parallel  to 
the  tangent  at  Q.  [i2.  Cor. 

N.B.  The  line  drawn  from  6*  to  the  foot  of  the  other 
tangent  parallel  to  that  at  Q,  will  be  parallel  to  the  other 
tangent  drawn  to  the  auxiliary  circle  from  the  foot  of  the 
diameter. 


Prop.  XXVIII. 


Tangents  from  an  external  point  subtend  equal  angles  at 
the  focus . 

Let  tangents  at  Q,  meet  in  T.  The  angles 

QST  =  QtST. 


Let  Rt  be  the  foot  of  QQr  Draw  SR 
angle  QSQ, 

.*.  SR  is  perpendicular  to  SRt; 

.*.  SR  is  the  polar  of  Rr 


bisecting  the 
[26. 

[27,  Cor.  1. 
F  2 
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Then,  since  T  is  the  pole  of  QQtRt  ;  [D.  a6.  N.B% 

the  polar  of  Rt  passes  through  T.  [24> 

But  SK  is  the  polar  of  Rt ; 

SR  passes  through  T ; 
l  QST=  QtST.  Q.  e.  d. 

Prop.  XXIX. 

The  focal  distances  of  any  point  are  equally  inclined  to  the 
tangent  at  that  point. 


Draw  at  Q  the  tangent  RQRt  meeting  the  directrices 
in  RRr 
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Then  SQ  :  HQ  ::  QR  :  QR,.  [n.  Cor. 

And  the  angles  QSR  .  QHRt  are  right  angles.  [2 6. 

Therefore  the  triangles  are  similar ;  [L.  1. 

and  the  angle  SQR  =  HQRt ; 

or  QR  is  equally  inclined  to  the  focal  distances  SQ  .  HQ. 
Q.  E.  D. 

COR.  1.  Hence  if  HQ  be  produced  to  St  so  that 
QSt  —  SQ,  the  straight  line  SSt  will  be  bisected  at  right 
angles  by  the  tangent. 

For  the  tangent  will  bisect  the  vertical  angle  of  the 
isosceles  triangle  SQSt,  and  therefore  bisect  the  base  at 
right  angles. 

Cor.  2.  Also  HSt  =  HP  +  PS  =  AAr  [9. 

Cor.  3.  Every  point  on  the  tangent  except  the  point 
of  contact  lies  without  the  curve. 


a 
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For  let  Qt  be  any  other  point  on  the  tangent, 

P  the  point  of  contact. 

Then  because  Q  Y  bisects  SS t  at  right  angles ; 

Q,s  =  Q,s, ; 

SQ.  +  HQ-S.Q'  +  Hg,; 

.*.  is  greater  than  SSt  or  AAi ; 

Qt  lies  without  the  curve.  [io. 

COR.  4.  Since  the  normal  is  perpendicular  to  the 
tangent,  and  the  tangent  bisects  the  angle  external  to 
SQHy  the  normal  will  bisect  the  interior  angle  SPH. 

N.B.  The  line  PG  Prop.  9,  is  the  normal  to  the  ellipse 
at  the  point  P. 

N.B.  If  a  tangent  make  an  angle  6  with  the  axis,  and 
<fi  with  the  focal  distance,  e  cos  6  =  cos  <£. 


Let  PQ  be  the  tangent.  Draw  PM  perpendicular  to 
the  directrix. 
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Then  PM  =  PQ  cos  0 ,  since  QPM  =  0 ; 

but  PS  =  PQ  cos  <j>,  since  SPQ  —  (f>;  [27. 

PQ  cos  0  =  e  PQ  cos  0, 

cos  0  =  e  cos  0.  Q.  E.  D. 

Prop.  XXX. 

The  rectangle  contained  by  perpendiculars ,  let  fall  from 
the  foci  on  any  tangent,  is  equal  to  the  square  of  the  semi-axis 
minor ;  and  the  perpcndicidars  intersect  the  tangent  on  the 
circumference  of  the  auxiliary  circle. 


From  S,  H  draw  5  Y,  HZ  perpendicular  to  the  tangent 
YPZ ;  S  Y,  HZ  =  BC 2;  and  Y  and  Z  lie  on  the  auxiliary 
circle. 
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Join  CY,  and  produce  HP  to  meet  »SF  in  Sr 

Then  SS/  is  bisected  in  Y.  [27-  Cor.  i- 

But  IIS  is  bisected  in  C ; 

♦ 

CY=±SSJ  =  CA;  [27.  Cor.  2. 

Flies  on  the  auxiliary  circle. 

Produce  S,  Y  to  meet  the  circle  again  in  K.  Join  ZK. 
Then  because  K  YZ  is  a  right  angle ; 

the  circumference  ZAK  is  a  semicircle.  [E.  m.  31. 
Hence  KZ  passes  through  C. 

But  HC  —  CS ; 

SK  —  HZ ; 

SY.HZ=KS.SY 

—  AS .  SAt  [E.  m.  35. 

=  BC\  [7. 

Therefore  the  rectangle,  &c.  Q.  E.  D. 

Cor.  1.  It  is  evident  also  that  if  any  line  be  drawn 
through  ^  to  the  circumference  of  the  auxiliary  circle,  the 
line  perpendicular  to  it  through  the  point  of  intersection 
will  touch  the  ellipse. 

For  let  SYhz  such  a  line.  Produce  5 F to  St  so  that 
SY—  YSt,  and  join  StH  meeting  YP  in  P. 

Then  as  before  SSJ  —  2CY  —  2 AC. 

But  SP  =  SP ; 

HP  +  PS  =  AAt, 

or  P  lies  on  the  curve.  [ia 

Also  P  Y  bisects  the  angle  SPSt ; 

PY  is  tangent  at  P. 


[29. 
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COR.  2.  Hence  to  draw  a  tangent  to  an  ellipse  from 
an  external  point  T. 

Upon  TS  as  diameter  describe  a  semicircle  cutting  the 
auxiliary  circle  in  Y ; 

SYT  is  a  right  angle  ;  [E.m.  31. 

TY  is  the  tangent  from  T. 

COR.  3.  Hence,  there  can  evidently  be  two  tangents, 
and  no  more,  drawn  through  an  external  point  T. 

Prop.  XXXI. 

The  rectangle  contained  by  the  focal  distances  of  any  point 
is  equal  to  the  square  of  the  semidiameter  conjugate  to  the 
diameter  through  the  point. 


If  CD  is  the  semidiameter  conjugate  to  CP , 

SP .  HP  —  CD2. 

Note.  HP  should  be  joined  in  the  figure. 
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Produce  PF  to  meet  the  directrix  in  Rt;  and  from  R} 
the  foot  of  the  diameter  parallel  to  P  Y>  draw  Rt  to  touch 
the  auxiliary  circle. 

Then  Rt  is  parallel  to  SR, ,  [26.  Cor.  1. 

and  R,SP  is  a  right  angle.  [27. 

Hence  Z  SP  Y  =  complement  of  SR,  Y 

—  RCt ; 

.*.  SP  :  SY  ::  CR  :  Ct 

::  CD  :  [14.  Cor.  2. 

But  by  similar  triangles 

HP  :  HZ  ::  SP  :  SF; 

.-.  HP.  SP  :  SY.HZ  ::  SP2  :  SF2 

::  CD 2  :  PS2. 


But  SY.HZ=BC2;  [30. 

.*.  HP.  SP=  CD2. 

Therefore  the  rectangle,  &c.  Q.  E.  D. 

COR.  Hence  if  PG  meet  the  minor  axis  in  K , 


PG .  PK  —  CD2.' 

For  PG .  PK  —  SP .  PH 

—  CD2. 


Prop.  XXXII. 


If  the  major  axis  is  met  by  the  normal  and  ordinate  of 
any  point  in  the  points  G,  N} 

CG  :  CN  ::  P 
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Because  PG  is  normal  at  Pt  PG  will  bisect  the  interior 
angle  SPH;  [29.  Cor.  4. 


to  SPH,  ST  :  HT  ::  SP  :  HP. 

But  C  is  the  middle  point  of  HS ; 

CG .  CT  =  CS2. 
But 


SG  :  HG  ::  SP  :  HP.  [E.  vi.  3. 

Again,  because  PT  bisects  the  exterior  angle  [29. 

[E.  VI.  A. 


CN.  CT  —  CA2 ; 

CG  :  CN  ::  CS*  : 

::  £2  :  1.  q.e.  d. 


[L.  8.  Cor.  i. 
C*3- 


[6. 


Prop.  XXXIII. 

TJf  £  &  the  foot  of  the  normal  at  P,  CD  the  conjugate 
diameter, 

PG  :  CD  ::  BC  :  G4. 

Note.  In  the  figure  draw  AV  perpendicular  to 
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Produce  PC  to  meet  the  minor  axis  in  K. 


Then  PG .  PK  —  HP .  SP  [9.  cor.  4. 

=  CD2.  [31. 


PG  :  PK 

:  SM  : 

KM 

:  SX  : 

CX 

:  BC2  : 

CA2; 

[7.  Cor.  3 

PG2 

:  PG.PK 

:  BC2  : 

CA2, 

PG 2 

:  CD2 

:  PC’2  : 

CA2, 

PG 

:  CP 

:  BC  : 

CA. 

Q.  E.  D. 

COR.  If  the  normal  meet  the  minor  axis  in  K, 
PK  :  CD  ::  CA  :  BC. 

PK  :  CD  ::  CD  :  PG 
::  CA  :  BC. 


For 


THE  ELLIPSE. 


77 


Prop.  XXXIV. 

Parallelograms  circumscribing  ellipses  at  the  extremities 
of  conjugate  diameters  are  of  constant  area ,  and  equal  to  the 
rectangle  contained  by  the  axes. 

Let  abed  be  a  parallelogram  circumscribing  the  ellipse 
at  the  extremities  of  the  conjugate  diameters  PP t,  DD r 


Through  .S  draw  fSf  perpendicular  to  CP  meeting  in 
f.f  the  tangents  ab .  cd  which  are  parallel  to  PP t. 

Then  f.f,  are  points  on  the  auxiliary  circle.  p? 8 . 

Hence  PP rff,—  A  A , .  BB .  [I4. 

But  PP,  .ff  =  parallelogram  bd ; 

therefore  the  parallelogram  bd  is  of  constant  area,  and  equal 
to  the  rectangle  contained  by  the  axes.  Q.  E.  D. 
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Prop.  XXXV. 

If  ordinates  to  any  diameter  be  drawn  from  the  vertices 
of  two  conjugate  semidiameters ,  the  sum  of  their  squares  will 
be  equal  to  the  square  of  the  semidiameter  to  which  they  are 
parallel. 

Let  PCP ,  be  a  diameter ;  CD  its  conjugate  ;  A  .B  the 
vertices  of  two  conjugate  diameters ;  Bn.  An,  ordinates 
to  PP/} 

An,2  +  Bn*  =  CD*. 


Draw  Bt.  At,  tangents  at  B  and  A , 

and  Bm.  Am,  ordinates  to  CD. 
Then  At,  is  parallel  to  CB  and  At  to  CA. 
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Hence  the  triangles  CBt,  tA  C  are  similar  and  similarly 
divided; 

.\  Cnt  :  Ctt  ::  mt  :  Ct ,  [L.  i. 

Cm?  :  CmrCt1  ::  Cm.mt  :  Cm.Ct. 

But  .  Ctt  =  CD 2  =  .  Ct ; 

; 

6V/Z,2  +  +  Cnd 

—  Cm .  Ct 

=  CD2.  Q.  E.  D.  [23. 

Prop.  XXXVI. 

77^  sum  of  the  squares  of  two  conjugate  semidiameters  is 
constant ,  <2/2^  is  equal  to  the  sum  of  the  squares  of  the  axes. 


Let  CP.  CD  be  two  conjugate  semidiameters, 
CP2  +  CD2  =  CA2  +  CB2. 
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Draw  PN .  DN t  ordinates  to  the  major  axis,  therefore 
CN.  CNj  will  be  equal  to  the  ordinates  to  the  minor  axis. 


PN2  +  DN?  =  CA2, 

[35- 

CN 2  +  CN*  =  CB \ 

[35- 

But 

■PN*+  CN 2  =  CP\ 

[E.  i.  47. 

and 

DN*+  CN f  =  CD2-, 

[E.  I.  47. 

CP2  +  CD2  =  CA2  +  CB2.  Q.E.D. 


Prop.  XXXVII. 

If  a  straight  rod  slide  between  two  perpendicidar  lines ,  so 
that  its  extremities  may  keep  on  the  respective  lines ,  the  locns 
of  any  point  of  the  rod  will  be  an  ellipse. 


Let  CA  .  CB  be  the  lines,  and  let  EPF  be  a  position  of 
the  rod. 

From  P  draw  PN  perpendicular  to  CA. 


THE  ELLIPSE. 


8 1 


In  PN  take  NQ  so  that 

QN  :  PN  ::  FP  :  EP. 

Draw  RQR ,  parallel  to  FE,  meeting 

CA,  CB  in  R ,  R , ; 

R1Q  =  FP. 

Also,  gP  :  EP  ::  QN  :  PN ; 

::  PP  :  PP ; 

QR=FP. 

Hence  PP,  is  a  line  of  length  2 PP, 

and  P  is  its  middle  point; 

BCA  being  a  right  angle, 

CQ  =  PP,  which  is  a  fixed  length  ; 

and  the  ordinate  QN  being  produced  in  the  ratio  PP  :  PP, 
the  locus  of  P  is  an  ellipse,  whose  axes  are  equal  to  PP 
and  PP.  Q.  E.  D. 

This  is  the  principle  employed  in  the  elliptic  compasses 
generally  used  by  Cabinet  Makers. 

N.B.  The  following  values  of  the  cosine  of  an  angle 
subtended  at  the  focus  by  a  tangent  from  an  external  point 
are  often  useful  in  analysis. 

(i)  If  r  be  the  focal  distance  of  the  point ;  rt  the  dis¬ 
tance  from  the  other  focus  ;  a  the  angle  subtended  at  the 
focus ; 


rf  =  r2  +  4 c?  —  4 ar  cos  a. 


G 


82 


THE  ELLIPSE . 


Let  H  be  the  focus.  HQ  =  r.  SQ  —  r. 

/  /-«✓  4 


a 


Now  SQ~  S Q  —  r t>  and  SSt  =  2a\ 
and  z  S  HQ  —  a ; 
by  the  triangle  SHQ, 
r*  —  P  +  4  d*  —  4#rcos  a. 

(2)  If  r  be  the  focal  distance  of  the  point,  /  the  distance 
from  the  directrix,  ep  —  r  cos  a. 

Let  O  be  the  point.  ON  =p,  SO  =  r\ 

POR  the  tangent ;  R  its  foot ;  P  point  of  contact. 

Then  RSP  is  a  right  angle. 

Draw  OK  perpendicular  to  SP ;  PM.  ON  perpendicu¬ 
lar  to  the  directrix. 
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Then 


SK  :  SP  ::  OR  :  PR 
::  dW  :  PM; 
.\  SiT  :  OV  ::  SP  :  PM 
::  e  :  i. 


But 

and 


SK  =  r  cos  a  ; 
ON  =  p ; 

^  =s  r  cos  a. 


Prop.  XXXVIII. 

orthogonal  projection  of  a  circle  on  a  plane  is  an 
ellipse  whose  major  axis  is  equal  to  the  diameter  of  the 
circle. 

G  2 
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For  let  AAt  be  the  diameter  of  the  circle  parallel  to  the 
intersection  of  the  planes,  RM  any  ordinate  of  the  circle, 


a,  at,  r,  in,  the  projections  of  these  points. 

am  =  AM, 
am  —  A  M, 
rm  —  RM  cos  a. 


Then 


[L.  13.  Cor.  2 
[L.  13.  Cor.  2 
[L.  13.  Cor.  3 
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But  QM2  =AM.MAt ;  [E.  hi.  33. 

.  \  PM 2  =  am .  mat  cos2  a. 

That  is,  the  locus  of  r  is  an  ellipse  whose  major  axis  is 
equal  to  aat  or  AAt,  and  whose  minor  axis  is  equal  to 
AAJ  cos  a.  [21. 

Hence  the  orthogonal  projection,  &c.  Q.  E.  D. 

Cor.  It  is  evident  that  the  angle  between  the  planes  is 


[6. 
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N.B.  Many  of  the  propositions  already  established 
may  be  readily  proved  by  projections. 

For  example :  Let  Opxp 2 .  Oqxq 2  be  any  two  secants 
parallel  to  the  semidiameters  cp  .  cq% 


Then 


0px .  Op 2  :  0qx .  0q2  ::  cp2  :  cq2. 


THE  ELLIPSE.  3  r 

For  let  OPjP2 .  OQ2Q2  be  the  secants  of  the  circle  from 
which  they  are  projected,  CP  .  CQ  the  parallel  radii. 

Then  CP2  :  OP1.OP2  ::  Cf  :  opx .  op2 

and  CQ2  :  OQl.OQ2  ::  Cq2  :  oq1.  oq2. 

But  CP2  =  CQ2, 

and  OP1 .  0P2  =  0Qt .  OQ2 ; 

.*.  opL.  op2  :  0qx.  0q2  ::  cp 2  :  cq2.  Q.  E.  D. 

Again,  from  the  principles  that  a  system  of  parallel 
chords  of  a  circle  are  bisected  by  the  diameter  perpen¬ 
dicular  to  them  ;  [e.  in.  3. 

And  that  the  tangents  at  the  extremities  of  this  diameter 
are  parallel  to  the  chords;  [E.  iii.  18. 

All  the  properties  of  parallel  chords  of  an  ellipse  esta¬ 
blished  in  Props.  13  and  18  may  be  deduced. 

From  this  also  it  will  readily  be  deduced  that  conju¬ 
gate  diameters  are  the  projections  of  two  diameters  of 
a  circle  at  right  angles  to  one  another,  and  from  the  fact 
that  the  angle  in  a  semicircle  is  a  right  angle,  [E.  m.  31. 

Prop.  17  follows  immediately. 

Evidently  also  parallelograms,  circumscribing  an  ellipse 
at  the  extremities  of  conjugate  diameters,  will  be  the  pro¬ 
jections  of  squares  circumscribing  the  circle;  hence  they  are 
of  constant  area,  as  proved  in  Prop.  34,  and  also  less  than 
any  other  circumscribing  parallelograms. 

Prop.  XXXIX. 

The  chord  of  curvature,  at  any  point  of  an  ellipse ,  through 
the  centre,  is  a  third  proportional  to  the  diameter  through  the 
point  a7id  its  conjugate. 


[L.  13. 

[L.  13. 

[L.  iii.  36. 
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Draw  PT  tangent  at  P,  and  through  T  draw  TQQj9 
meeting  the  ellipse  in  QQr 

Also  let  PM  be  the  chord  of  curvature  through  C . 

Draw  CD  the  conjugate  semidiameter. 


~r 


Then  CP 2  :  CD 2  ::  TQ .  TQ{  :  PT2  ps. 

::  It.  TQ  :  PM  [L.  17. 

::  2  CP  :  PM, , 

since  the  limit  of  TQ  when  7"  moves  up  to  P  is  2  CP  ; 

CP  :  CD  ::  AP  :  \PMy 
or  PA  :  PP  ::  PP  :  PM,  Q.  E.  D. 

A  6  i  ^ 


Prop.  XL. 

2£7Ps 

The  diameter  of  curvature  =  ^  . ;  and  the  chord  of 

uH  .  C-O 

2  PP2 


curvature  through  the  focus  = 
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PU  :  2CD 


PC  = 


CD  :  CE 
CD 9  :  CZLCA 
C£>2  :  CA.CB; 
2  CD5 


Let  PU  be  the  diameter  of  curvature.  From  £7  draw 
CE  perpendicular  to  PT. 

Then  CE  :  CA  ::  CA  :  CD.  [34. 

Also  CE  :  CP  ::  iW  :  PU , 

by  similar  triangles ; 

CA  .PU=  CP  .  PM  —  2CD2 ;  [40. 


CA.CB' 

Again,  if  PK  is  the  chord  of  curvature  through  S, 
PU  :  PK  ::  SP  :  SY 
::  CD  :  CA ; 

2  CD1 


PK  = 


CA 


Q.  E.  D. 


Prop.  XLI. 

7A?  section  of  a  right  co?ie  made  by  a  plaice  cutting 
through  the  sheet  is  an  ellipse. 

Let  VBD  be  a  right  circular  cone,  APAt  a  section  of 
the  cone  by  a  plane  cutting  through  the  sheet 

Inscribe  a  sphere  EES,  to  touch  the  cone  in  the  circle 
ERF,  and  also  touch  the  plane  of  the  section  in  A. 

Similarly,  escribe  a  sphere,  touching  the  plane  of  the 
section  in  Hf  and  the  cone  in  E  RFt. 


1 


90 


THE  ELLIPSE . 


Through  any  point  P  of  the  section  draw  through  V 
the  line  VRPRt  to  meet  the  circles  ERF,  ElRFr 

r 
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Join  SP.HP. 

Then  SP,PP  are  manifestly  lines  from  P  which  touch 
the  sphere  ERF ; 

,\  SP  =  PR. 

Similarly  HP  =  PR, 

SP  +  HP  =  RRr 

Now  the  two  circles  ERF,  E ,R,F \,  being  manifestly 
each  perpendicular  to  the  axis  of  the  cone,  are  parallel 
to  one  another. 

But  VRRJ  makes  a  constant  angle  with  the  axis,  there¬ 
fore  RRJ  is  of  a  constant  length. 

Hence  SP  +  HP  —  constant. 

But  P  is  in  a  fixed  plane  through  S .  H; 

.*.  the  section  APAt  is  an  ellipse  of  which  S,  H,  are  the 
foci.  Q.  E.  D. 

Cor.  Also  the  directrix  is  the  line  of  intersection  of 
the  planes  ERF,  APA r 

For,  let  these  planes  intersect  in  MX. 

Through  the  axis  of  the  cone  draw  a  plane  perpen¬ 
dicular  to  APA r 

This  plane  VAME  will  obviously  pass  through  the 
points  of  contact  of  the  spheres  .S  and  H. 

Also  being  at  right  angles  to  each  of  the  planes  ERF, 
APA/f  it  will  be  at  right  angles  to  their  common  sec¬ 
tion  XM. 

AXM  is  a  right  angle. 

Through  P  draw  PM,  parallel  to  A  A  r 
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Hence  PM  is  drawn  to  the  plane  ERF  at  a  constant 
angle,  for  it  is  parallel  to  a  fixed  right  line. 

But  PR  is  also  drawn  to  that  plane  at  a  constant  angle, 
for  it  is  a  generating  line  of  the  cone. 

PR  :  PM  is  a  constant  ratio. 


But  PR  =  PS ; 


PS  :  PM  is  a  constant  ratio ; 
XM  is  the  directrix.  Q.  E.  D. 


•  • 


PROBLEMS. 


1.  If  two  fixed  circles  are  touched,  one  externally  and 
the  other  internally,  by  a  variable  circle,  the  locus  of  its 
centre  is  an  ellipse. 

2.  If  a  circle  cut  an  ellipse  in  four  points,  the  chords 
of  intersection  are  equally  inclined  to  the  axis. 

3.  If  an  ellipse  have  a  given  focus  and  touch  two 
given  lines,  the  locus  of  the  other  focus  is  a  straight  line. 

4.  Given  the  focus,  length  of  major  axis,  and  one  point 
of  an  ellipse,  the  locus  of  the  centre  is  a  circle. 

5.  If  a  system  of  ellipses  be  described  on  the  same 
diameter,  and  their  diameter  conjugate  to  this  coincide 
in  direction,  the  polar  of  any  given  point  will  pass  through 
a  fixed  point. 

6.  If  the  axes  of  two  ellipses  are  parallel,  a  circle 
can  be  described  through  their  points  of  intersection. 

7.  If  two  ellipses,  with  parallel  axes,  touch  one  an¬ 
other,  and  intersect  in  two  other  points,  the  circle  through 
their  three  points  of  meeting  will  touch  both  curves. 

8.  If  CP .  CQ  are  two  semidiameters  at  right  angles 
to  one  another, 
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9.  If  pSp ,,  are  two  focal  chords  at  right  angles 

to  one  another, 

1  1  _CA2  +  CB2 

//  +  <M. r  2CA  •  CB* ' 

10.  If  <£,<£,  be  the  angles  PSH ,  PHS , 

J  6  ,  <f>  I  —  ^ 

tan  — .  tan  ^  = - . 

2  2  i+e 


IT.  If  two  intersecting  ellipses  have  the  same  focus, 
their  common  chords  pass  through  the  intersection  of  the 
corresponding  directrices. 

12.  If  PQ  be  the  chord  of  the  ellipse  through  P  par¬ 
allel  to  the  semidiameter  CK,  PM  the  chord  of  curvature 
in  the  same  direction,  CD  conjugate  to  CP, 

PQ  :  PM  ::  CK -2  :  CD2. 


13.  Deduce  from  Prop.  15  and  11  Cor.  the  fact  that 
perpendiculars  from  the  centre  on  a  tangent  vary  inversely 
as  the  parallel  diameters. 


14.  If  rv  r2  are  the  semichords  of  curvature  through 
the  centre  at  the  extremities  of  conjugate  diameters,  a  and 
b  the  semiaxes, 


%  2 
**  3  _1_  y  3 
1  1  2 


a2  +  b2 

'A  2  • 

'  1  f2 


15.  If  a  circle  be  inscribed  in  the  triangle  SPH,  the 
tangents  to  it  from  P  are  equal  to  SA. 


1 6.  If  two  similar  ellipses  have  their  major  axes  in  the 
same  straight  line,  their  common  chord  will  bisect  their 
common  tangent. 

17.  Also  if  their  major  axes  are  equally  inclined  to  the 
line  joining  the  centres  and  towards  the  same  parts. 


PROBLEMS. 


95 


1 8.  If  two  chords  of  an  ellipse  Pp .  Qq  meet  on  the 
directrix,  prove  that  P‘Q,  pq  subtend  equal  angles  at  the 
corresponding  focus. 

19.  If  tangents  at  P,  Q  meet  in  O,  the  angles  SOP , 
HOQ  are  equal. 

20.  If  SP.  HP  meet  in  EE t  the  diameter  conjugate 
to  CP,  shew  that  PE  =  PEt  =  CA, 

21.  If  e—  V2,  shew  that  SBH  is  a  right  angle. 

22.  If  6,  6J  are  the  inclination  of  two  conjugate  dia¬ 
meters  to  the  major  axis,  shew  that 

tan  6  tan  6t  =  1  —  e2. 

23.  Tangents  at  right  angles  to  one  another  intersect 
in  the  circumference  of  a  circle. 


24.  If  an  ellipse  roll  upon  a  similar  and  equal  ellipse 
which  is  fixed  in  position,  corresponding  points  being 
always  in  contact,  the  locus  of  either  focus  of  the  rolling 
curve  is  a  circle. 


25.  Describe  an  ellipse,  with  given  foci,  to  touch  a 
given  right  line. 

26.  The  tangent  to  an  ellipse  makes  a  greater  angle 
with  the  focal  distance  than  with  the  axis. 


27.  If  an  ellipse  be  drawn  on  a  plane,  shew  how  to 
find  its  axes  by  a  geometrical  construction. 

28.  If  two  conjugate  diameters  of  an  ellipse  be  given 
in  position  and  magnitude,  find  the  axes. 


29.  Find  the  excentricity  of  the  ellipse  in  which  the 
radius  of  curvature  at  the  vertex  of  the  minor  axis  is  8 
times  that  at  the  extremity  of  the  major  axis. 
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30.  Also  if  SH=  AX. 

31.  If  a  chord  PQqp  meet  two  concentric  similar  and 
similarly  situated  ellipses  in  P,  Q,  q,  p  then 

PQ  =pq. 

32.  Also  tangents  to  the  interior  curve  cut  off  equal 
areas  from  the  exterior. 

33.  The  points  of  intersection  of  tangents  at  the  ex¬ 
tremities  of  conjugate  diameters  lie  on  a  similar,  con¬ 
centric,  and  similarly  situated  ellipse. 

34.  The  sum  of  two  equal  conjugate  diameters  is 
greater  than  the  sum  of  any  other  pair  of  conjugate  dia¬ 
meters. 

35.  Also  the  sum  of  the  axes  is  less. 

36.  At  the  extremity  of  one  of  the  equal  conjugate 
diameters,  the  other  extremity  of  the  chord  of  curvature 
through  the  centre  falls  upon  the  ellipse ;  between  this 
point  and  the  extremity  of  the  minor  axis  it  falls  without 
the  ellipse  ;  in  the  other  quadrant  within. 

37.  Given  focus,  minor  axis,  and  tangent  of  an  ellipse, 
the  locus  of  the  centre  is  a  straight  line. 

38.  Given  focus,  major  axis,  and  tangent  of  an  ellipse, 
the  locus  of  the  centre  is  a  circle. 

39.  If  a  tangent  to  an  ellipse  meet  two  fixed  tangents, 
the  part  intercepted  will  subtend  a  constant  angle  at  the 
focus. 

40.  Two  confocal  ellipses  cannot  intersect 

41.  If  a  tangent  of  an  ellipse  meet  two  parallel  tan¬ 
gents,  the  rectangle  contained  by  the  parts  into  which  the 
point  of  contact  divides  it,  will  be  equal  to  the  square  of 
the  parallel  semidiameter. 
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42.  The  rectangles  under  the  segments  of  parallel 
secants,  drawn  from  points  in  a  concentric,  similar,  and 
similarly  situated  ellipse,  will  be  equal  to  one  another. 

43.  If  Dt .  Dtt ,  the  tangents  at  the  vertices  of  a  dia¬ 
meter  DDt,  meet  two  conjugate  diameters  in  t .  /  ,  and  if  CP 
be  conj  ugate  to  DD  t, 

Dt.Dt=CP\ 

44.  If  a  triangle  circumscribe  an  ellipse  the  lines  join¬ 
ing  the  angles  with  the  points  of  contact  of  the  opposite 
sides  pass  through  one  point. 

45.  About  a  given  ellipse  describe  a  triangle  of  least 
area. 

46.  If  in  a  given  triangle  the  maximum  ellipse  be 
inscribed,  the  centre  of  the  ellipse  will  coincide  with  the 
centre  of  gravity  of  the  triangle. 

47.  The  rectangle  contained  by  the  perpendiculars 
from  any  point  on  the  curve  to  two  fixed  tangents  varies  as 
the  square  of  the  perpendicular  on  the  chord  of  contact. 

48.  If  from  G  the  foot  of  the  normal  at  P,  GL  be 
drawn  perpendicular  to  SP,  PL  =  J  latus  rectum. 

49.  In  Prop.  15  the  angle  subtended  at  A  by  tangents 
to  the  ellipse  from  O  is  equal  to  the  angle  subtended  at 
O  by  tangents  to  the  circle  from  .S'. 

50.  The  pole  of  a  chord  of  an  ellipse,  which  subtends 
at  the  focus  a  constant  angle,  less  than  the  angle  BSC,  is 
an  ellipse  with  the  same  focus  and  directrix. 

51.  The  locus  of  the  centres  of  circles  inscribed  in  the 
triangle  HPS  is  an  ellipse. 

52.  The  latera  recta  of  all  ellipses  cut  from  the  same 

H 
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right  cone  vary  as  the  perpendiculars  from  the  vertex  of 
the  cone  on  the  plane  of  the  section. 

53.  The  chord  of  curvature  through  the  focus  of  an 
ellipse  is  equal  to  the  focal  chord  of  the  ellipse  drawn 
parallel  to  the  tangent 

54.  If  a  system  of  chords  of  an  ellipse  pass  through  a 
fixed  point,  within  or  without  the  ellipse,  the  locus  of  their 
bisections  is  a  similar  ellipse. 

55.  If  through  an  external  point  O  secants  Oppt,  Oqqt, 
&c.  are  drawn,  and  points  P ,  Q}  &c.  taken  on  them  so  that 
OP1  =  Op  .  Op t,  OQ2  =  Oq .  0qt ;  the  locus  of  the  points  P, 
Q,  &c.  will  be  a  similar  ellipse. 

5  6.  The  locus  of  the  point  whose  distance  from  a 
given  line  bears  to  the  tangent  drawn  from  it  to  a  given 
circle  a  given  ratio,  less  than  unity,  is  an  ellipse. 

57.  A  series  of  ellipses  are  described  on  a  common 
diameter  DDt,  the  diameter  conjugate  to  DD t  being  of  a 
given  length.  If  tangents  be  drawn  from  an  external  point 
F  in  DD /  to  touch  the  ellipses,  their  points  of  contact  will 
lie  on  a  fixed  circle, 

58.  If  Rr  are  the  circumscribing  and  inscribed  radii  of 
the  triangle  SPH,  CD  the  semidiameter  conjugate  to  CP , 
shew  that  Rr  varies  as  CD2. 

59.  From  any  external  point  0  a  secant  Opp t  is  drawn 
to  an  ellipse.  If  in  ppt  a  point  P  be  taken,  so  that  OP  is 
the  harmonic  mean  between  Op,  0plf  shew  that  P  lies  on 
the  polar  of  O. 

60.  Hence  shew  that,  if  Opp Oqq J  are  two  secants, 
pq-pfli,  and  also  pqt,  p tq>  intersect  on  the  polar  of  O. 

6 1.  If  four  points  on  an  ellipse  be  given,  the  polars  of 
three  fixed  points  are  known. 
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62.  Given  two  parallel  chords  of  an  ellipse,  and  the 
vertex  of  the  bisecting  diameter,  find  the  centre. 

63.  Given  two  parallel  chords  of  an  ellipse  and  the 
centre  (lying  on  the  bisector  of  the  two  chords),  find  the 
vertices  of  the  bisecting  diameter  and  of  its  conjugate. 

64.  If  A,  B,  C,  D ,  E  are  five  points  in  an  ellipse,  shew 
how  to  find  the  point  in  which  a  line  through  E  parallel  to 
AB  meets  the  curve  again. 

65.  Describe  an  ellipse  through  five  given  points. 

66.  If  two  ellipses  have  a  common  focus  and  equal 
major  axes,  they  cannot  intersect  in  more  points  than 
two. 

67.  Draw  a  tangent  to  two  ellipses  with  a  common 
focus. 

68.  If  S,  H  are  two  points  external  to  a  closed  curve, 
and  P  be  the  point  thereon  for  which  SP  +  PE[  is  a  mini¬ 
mum,  shew  that  an  ellipse  described  through  P  with  G  and 
H  as  foci  will  touch  the  curve  at  P. 

69.  If  DQ  a  chord  of  an  ellipse  be  produced  to  E,  to 
meet  in  T  the  tangent  parallel  to  that  at  D ,  shew  that 
DQ  .  DT  is  equal  to  the  square  of  the  parallel  diameter. 

70.  Describe  an  ellipse  through  three  given  points  to 
touch  a  given  line  in  a  given  point. 

7 1.  The  rectangle  under  the  distances  of  any  variable 
point  on  an  ellipse  from  two  fixed  tangents  varies  as  the 
square  of  the  distance  from  the  point  of  contact. 

72.  Prove,  by  means  of  the  focal  distances,  that  the 
major  axis  is  the  longest  straight  line  that  can  be  placed 
in  an  ellipse. 
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7 3.  If  the  focal  distance  of  a  point  Q  on  the  ellipse  be 
produced  through  6*  so  that  QS .  SP  shall  be  equal  to  BC\ 
shew  that  the  line  through  P  perpendicular  to  SP  will 
touch  the  auxiliary  circle. 

74.  Of  all  pairs  of  conjugate  diameters,  the  equal 
diameters  are  inclined  to  one  another  at  the  least  angle. 

2 

And  this  angle  is  sin  1  —A™ . 

&  a  b 

7  +  - 
0  a 

75.  If  straight  lines  be  drawn  from  the  focus  inclined 
at  a  constant  angle  to  the  tangents,  they  will  meet  the  tan¬ 
gents  on  the  circumference  of  a  given  circle. 
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Messrs.  Macmillan  &  Co.  beg  io  call  attention  to  the 
accompanying  Catalogue  of  their  Educational  Works, 
the  writers  of  which  are  mostly  scholars  of  eminence  in  the 
Universities ,  as  well  as  of  large  experience  in  teaching . 

Many  of  the  works  have  already  attained  a  wide 
circulation  in  England  and  in  the  Colonies ,  and  are 
acknowledged  to  le  among  the  very  lest  Educational  Books 
on  their  respective  subjects. 

The  looks  can  generally  le  procured  ly  ordering  them 
through  local  booksellers  in  town  or  country ,  but  if  at  any 
time  difficulty  should  arise,  Messrs.  Macmillan  will  feel 
much  obliged  ly  direct  communication  with  themselves  on  the 
subject. 

Notices  of  errors  or  defects  in  any  of  these  works  will 
be  gratefully  received  and  acknowledged. 
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AESCHYLUS.—  rESCHYLI  EUMENIDES.  The  Greek  Text,  with 
English  ISlotes,  and  English  Verse  Translation  and  an  Introduction. 
By  Bernard  Drake,  M.A.,  late  Fellow  of  King’s  College,  Cam¬ 
bridge.  8vo.  7 s.  6d. 

The  Greek  Text  adopted  in  this  Edition  is  based  upon  that  of  Wellauer, 
which  may  be  said  in  general  terms  to  represent  that  of  the  best  manu¬ 
scripts.  But  in  correcting  the  Text,  and  in  the  Notes,  advantage  has  been 
taken  of  the  suggestions  of  Hermann,  Paley,  Linwood,  and  other  com¬ 
mentators. 

ARISTOTLE. — ARISTOTLE  ON  FALLACIES;  OR,  THE 
SOPHISTICI  ELEN CHI.  With  a  Translation  and  Notes  by 
Edward  Poste,  M.A.,  Fellow  of  Oriel  College,  Oxford.  8vo. 
8a  6d. 

Besides  the  doctrine  of  Fallacies,  Aristotle  offers  either  in  this  treatise,  or 
in  other  passages  quoted  in  the  commentary,  various  glances  over  the 
world  of  science  and  opinion,  various  suggestions  on  problems  which  are 
still  agitated,  and  a  vivid  picture  of  the  ancient  system  of  dialectics,  which 
it  is  hoped  may  be  found  both  interesting  and  instructive. 

“  It  is  not  only  scholarlike  and  careful ;  it  is  also  perspicuous.’- — Guardian. 

ARISTOTLE.— AN  INTRODUCTION  TO  ARISTOTLE’S 

RHETORIC.  With  Analysis,  Notes,  and  Appendices.  By 
E.  M.  Cope,  Senior  Fellow  and  Tutor  of  Trinity  College,  Cam¬ 
bridge.  8vo.  14 s. 

This  work  is  introductory  to  an  edition  of  the  Greek  Text  of  Aristotle’s 
Rhetoric,  which  is  in  course  of  preparation. 

“  Mr.  Cope  has  given  a  very  useful  appendage  to  the  promised  Greek  Text ; 
but  also  a  work  of  so  much  independent  use  that  he  is  quite  justified  in  his 
separate  publication.  All  who  have  the  Greek  Text  will  find  themselves 
supplied  with  a  comment ;  and  those  who  have  not  will  find  an  analysis  of 
the  work.  ” — A  thenceum. 
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CA  TULL  US.  — CATULLI  VERONENSIS  LIBER,  edited  by  R. 
Ellis,  bellow  of  Trinity  College,  Oxford.  i8mo.  3 s.  6d. 

“  It  is  little  to  say  that  no  edition  of  Catullus  at  once  so  scholarlike  has  ever 
appeared  in  England.” — AthencEum. 

“  Rarely  have  we  read  a  classic  author  with  so  reliable,  acute,  and  safe  a 
guide.” — Saturday  Review. 


Cl CER 0.  — T H E  SECOND  PHILIPPIC  ORATION.  With  an 
Introduction  and  Notes,  translated  from  the  German  of  Karl 
Halm.  Edited,  with  Corrections  and  Additions,  by  John  E.  B. 
Mayor,  M.A.,  Fellow  and  Classical  Lecturer  of  St.  John’s  Col¬ 
lege,  Cambridge.  Third  Edition,  revised.  Fcap.  8vo.  5a 

“  A  very  valuable  edition,  from  which  the  student  may  gather  much  both  in 
the  way  of  information  directly  communicated,  and  directions  to  other 
sources  of  knowledge.” — Athencezmi. 

DEMOSTHENES. — DEMOSTHENES  on  the  CROWN.  The 
Greek  Text  with  English  Notes.  By  B.  Drake,  M.A.,  late 
Fellow  of  King’s  College,  Cambridge.  Third  Edition,  to  which 
is  prefixed  Hischines  against  Ctesiphon,  with  English  Notes. 
F cap.  8vo.  5a 

The  terseness  and  felicity  of  Mr.  Drake’s  translations  constitute  perhaps 
the  chief  value  of  his  edition,  and  the  historical  and  archaeological  details 
necessary  to  understanding  the  De  Corona  have  in  some  measure  been 
anticipated  in  the  notes  on  the  Oration  of  ZEschines.  In  both,  the  text 
adopted  in  the  Zurich  edition  of  1851,  and  taken  from  the  Parisian  MS., 
has  been  adhered  to  without  any  variation.  Where  the  readings  of 
Bekker,  Dissen,  and  others  appear  preferable,  they  are  subjoined  in  the 
notes. 

HODGSON. — MYTHOLOGY  FOR  LATIN  VERSIFICATION. 
A  Brief  Sketch  of  the  Fables  of  the  Ancients,  prepared  to  be 
rendered  into  Latin  Verse  for  Schools.  By  F.  Hodgson,  B.  D., 
late  Provost  of  Eton.  New  Edition,  revised  by  F.  C.  Hodgson, 
M.A.  1 8mo.  3A 

Intending  the  little  book  to  be  entirely  elementary,  the  Author  has  made  it 
as  easy  as  he  could,  without  too  largely  superseding  the  use  of  the  Dic¬ 
tionary  and  Gradus.  By  the  facilities  here  afforded,  it  will  be  possible,  in 
many  cases,  for  a  boy  to  get  rapidly  through  these  preparatory  exercises ; 
and  thus,  having  mastered  the  first  difficulties,  he  may  advance  with  better 
hopes  of  improvement  to  subjects  of  higher  character,  and  verses  of  more 
difficult  composition. 

JESSOPR  —  A  MANUAL  OF  THE  GREEK  ACCIDENCE  FOR 
THE  USE  OF  BEGINNERS.  By  Augustus  Jessopp,  M.A., 
Head  Master  of  King  Edward  the  Sixth  School,  Norwich.  Fcap. 
8vo.  3A  6d. 
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JUVENAL. — JUVENAL,  FOR  SCHOOLS.  With  English  Notes. 
By  J.  E.  B.  Mayor,  M.A.  New  and  Cheaper  Edition.  Crown 
8vo.  \In  the  Press. 

“A  School  edition  of  Juvenal,  which,  for  really  ripe  scholarship,  extensive 
acquaintance  with  Latin  literature,  and  familiar  knowledge  of  Continental 
criticism,  ancient  and  modern,  is  unsurpassed,  we  do  not  say  among  Eng¬ 
lish  School-books,  but  among  English  editions  generally.” — Edinburgh 
Review. 

LYTTELTON. — THE  COMUS  of  MILTON  rendered  into  Greek 
Verse.  By  Lord  Lyttelton.  Extra  fcap.  8vo.  Second  Edition. 

5s- 

—  THE  SAMSON  AGONISTES  of  MILTON  rendered  into 
Greek  Verse.  By  Lord  Lyttelton.  Extra  fcap.  8vo.  6s.  6d. 

MARSHALL.— A  TABLE  OF  IRREGULAR  GREEK  VERBS, 
Classified  according  to  the  Arrangement  of  Curtius’s  Greek 
Grammar.  By  I.  hi.  Marshall,  M.A.,  Fellow  and  late  Lec¬ 
turer  of  Brasenose  College,  Oxford ;  one  of  the  Masters  in  Clifton 
College.  8vo.  cloth,  is. 

MA  YOR. — FIRST  GREEK  READER.  Edited  after  Karl  Halm, 
with  Corrections  and  large  Additions  by  John  E.  B.  Mayor,  M.A., 
Fellow  and  Classical  Lecturer  of  St.  John’s  College,  Cambridge. 

[In  the  Press. 

MERLVALE. — KEATS’  HYPERION  rendered  into  Latin  Verse. 
By  C.  Merivale,  B.  D.  Second  Edition.  Extra  fcap.  8vo. 
$s.  6d. 

PHLLOLOGY. — THE  JOURNAL  of  SACRED  and  CLASSICAL 
PHILOLOGY.  Four  Vols.  8vo.  12 s.  6d.  each. 

PL  A  TO. — THE  REPUBLIC  OF  PLATO.  Translated  into  En¬ 
glish,  with  an  Analysis  and  Notes,  by  J.  LI.  Davies,  M.A.,  and 
D.  J.  Vaughan,  M.A.  Third  Edition,  with  Vignette  Portraits 
of  Plato  and  Socrates,  engraved  by  Jeens  from  an  Antique  Gem. 
i8mo.  4s.  6d. 

ROBY.—  AN  ELEMENTARY  LATIN  GRAMMAR.  By  H.  J. 
Roby,  M.A.  New  Edition.  i8mo.  [Ln  the  Press. 

“  It  contains  an  amount  of  accurate  and  well-digested  knowledge  such  as  is 
often  found  wanting  in  works  of  much  greater  pretensions.  We  know  no 
book  which  in  so  small  a  compass,  and  with  so  little  parade,  contains  more 
sound  knowledge  of  Latin.” — Spectator. 
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SALLUST.— C All  SALLUSTII  CRISPI  Catilina  et  Jugurtha. 
For  use  in  Schools  (with  copious  Notes).  By  C.  Merivale,  B.  D. 
(In  the  present  Edition  the  Notes  have  been  carefully  revised,  and 
a  few  remarks  and  explanations  added.)'  Second  Edition.  Fcap. 
8vo.  4 s.  6 d. 

The  Jugurtha  and  the  Catilina  may  be  had  separately,  price  2 s.  6d. 
each. 

TACITUS.— THE  HISTORY  OF  TACITUS  translated  into  ENG¬ 
LISH.  By  A.  J.  Church,  M.A.,  and  W.  J.  Brodribb,  M.A. 
With  Notes  and  a  Map.  8vo.  icw.  6d. 

The  translators  have  endeavoured  to  adhere  as  closely  to  the  original  as  was 
thought  consistent  with  a  proper  observance  of  English  idiom.  At  the 
same  time  it  has  been  their  aim  to  reproduce  the  precise  expressions  of  the 
author.  The  campaign  of  Civilis  is  elucidated  in  a  note  of  some  length 
which  is  illustrated  by  a  map,  containing  only  the  names  of  places  and  of 
tribes  occurring  in  the  work. 

—  THE  AGRICOLA  and  GERMANIA.  By  the  same  translators. 

[In  the  Press. 

TURING. — Works  by  Edward  Tilling,  M.A.,  Head  Master  of 
Uppingham  School : — 

—  A  CONSTRUING  BOOK.  Fcap.  8vo.  2s.  6d. 

This  Construing  Book  is  drawn  up  on  the  same  sort  of  graduated  scale  as  the 
Author’s  English  Grammar.  Passages  out  of  the  best  Latin  Poets  are 
gradually  built  up  into  their  perfect  shape.  The  few  words  altered,  or  in¬ 
serted  as  the  passages  go  on,  are  printed  in  Italics.  It  is  hoped  by  this 
plan  that  the  learner,  whilst  acquiring  the  rudiments  of  language,  may 
store  his  mind  with  good  poetry  and  a  good  vocabulary. 

—  A  LATIN  GRADUAL.  A  First  Latin  Construing  Book  for 
Beginners.  Fcap.  8vo.  2 s.  6 d. 

The  main  plan  of  this  little  work  has  been  well  tested. 

The  intention  is  to  supply  by  easy  steps  a  knowledge  of  Grammar,  combined 
with  a  good  vocabulary ;  in  a  word,  a  book  which  will  not  require  to  be 
forgotten  again  as  the  learner  advances. 

A  short  practical  manual  of  common  Mood  constructions,  with  their  English 
equivalents,  form  the  second  part. 

—  A  MANUAL  of  MOOD  CONSTRUCTIONS.  Extra  fcap. 
8 vo.  is.  6d. 

THUCYDIDES.— TUN  SICILIAN  EXPEDITION.  Being  Books 
VI.  and  VII.  of  Thucydides,  with  Notes.  A  New  Edition,  revised 
and  enlarged,  with  a  Map.  By  the  Rev.  Percival  Frost,  M.A., 
late  Fellow  of  St.  John’s  College,  Cambridge.  Fcap.  8vo.  5 s. 

This  edition  is  mainly  a  grammatical  one.  Attention  is  called  to  the  force 
of  compound  verbs,  and  the  exact  meaning  of  the  various  tenses  employed. 
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WRIGHT—  Works  by  J.  Wright,  M.A.,  late  Head  Master  of 
Sutton  Coldfield  School : — 

—  HELLENICA ;  Or,  a  HISTORY  of  GREECE  in  GREEK, 
as  related  by  Diodorus  and  Thucydides,  being  a  First  Greek 
Reading  Book,  with  Explanatory  Notes  Critical  and  Historical. 
Second  Edition,  with  a  Vocabulary.  i2mo.  3^.  6d. 

In  the  last  twenty  chapters  of  this  volume,  Thucydides  sketches  the  rise  and 
progress  of  the  Athenian  Empire  in  so  clear  a  style  and  in  such  simple 
language,  that  the  author  doubts  whether  any  easier  or  more  instructive 
passages  can  be  selected  for  the  use  of  the  pupil  who  is  commencing 
Greek. 

—  A  HELP  TO  LATIN  GRAMMAR ;  Or,  the  Form  and  Use 
of  Words  in  Latin,  with  Progressive  Exercises.  Crown  8vo. 
45-.  6d. 

“  Never  was  there  a  better  aid  offered  alike  to  teacher  and  scholar  in  that 
arduous  pass.  The  style  is  at  once  familiar  and  strikingly  simple  and 
lucid  ;  and  the  explanations  precisely  hit  the  difficulties,  and  thoroughly 
explain  them.” — English  Journal  of  Edttcalion. 

—  THE  SEVEN  KINGS  OF  ROME.  An  Easy  Narrative, 
abridged  from  the  First  Book  of  Livy  by  the  omission  of  difficult 
passages,  being  a  First  Latin  Reading  Book,  with  Grammatical 
Notes.  Fcap.  8vo.  3A 

This  work  is  intended  to  supply  the  pupil  with  an  easy  Construing-book, 
which  may  at  the  same  time  be  made  the  vehicle  for  instructing  him  in 
the  rules  of  grammar  and  principles  of  composition.  Here  Livy  tells  his 
own  pleasant  stories  in  his  own  pleasant  words.  Let  Livy  be  the  master 
to  teach  a  boy  Latin,  not  some  English  collector  of  sentences,  and  he  will 
not  be  found  a  dull  one. 

—  A  VOCABULARY  AND  EXERCISES  on  the  “  SEVEN 
KINGS  OF  ROME.”  Fcap.  8vo.  2s.  6d. 

The  Vocabulary  and  Exercises  may  also  be  had  bound  up  with 
“The  Seven  Kings  of  Rome,”  price  5 s. 
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AIRY. — Works  by  Gk  B.  Airy,  Astronomer  Royal : — 

—  ELEMENTARY  TREATISE  ON  PARTIAL  DIFFEREN¬ 
TIAL  EQUATIONS.  Designed  for  the  use  of  Students  in  the 
University.  With  Diagrams.  Crown  8vo.  cloth,  5 s.  6d. 

It  is  hoped  that  the  methods  of  solution  here  explained,  and  the  instances 
exhibited,  will  be  found  sufficient  for  application  to  nearly  all  the  important 
problems  of  Physical  Science,  which  require  for  their  complete  investiga¬ 
tion  the  aid  of  partial  differential  equations. 
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AIRY. — Works  by  G.  B.  Airy — Continued. 

—  ON  THE  ALGEBRAICAL  AND  NUMERICAL  THEORY 
of  ERRORS  of  OBSERVATIONS,  and  the  COMBINATION 
of  OBSERVATIONS.  Crown  8vo.  cloth,  6s.  6 d. 

—  UNDULATORY  THEORY  OF  OPTICS.  Designed  for  the 
use  of  Students  in  the  University.  New  Edition.  Crown  8vo. 
cloth,  6s.  6d. 

—  POPULAR  ASTRONOMY.  With  Illustrations.  New  and 
Cheaper  Edition.  i8mo.  cloth,  t[s.  6d. 

“  Popular  Astronomy  in  general  has  many  manuals  ;  but  none  of  them  super¬ 
sede  the  Six  Lectures  of  the  Astronomer  Royal  under  that  title.  Its 
speciality  is  the  direct  way  in  which  every  step  is  referred  to  the  observatory, 
and  in  which  the  methods  and  instruments  by  which  every  observation  is 
made  are  fully  described.  This  gives  a  sense  of  solidity  and  substance  to 
astronomical  statements  which  is  obtainable  in  no  other  way.” — Guardian. 

—  ON  SOUND  and  ATMOSPHERIC  VIBRATIONS.  With 
the  Mathematical  Elements  of  Music.  Designed  for  the  use  of 
Students  of  the  University.  Crown  8vo.  gs. 

BAYMA.—  THE  ELEMENTS  of  MOLECULAR  MECHANICS. 
By  Joseph  Bayma,  S.J.,  Professor  of  Philosophy,  Stonyhurst 
College.  Demy  8vo.  cloth,  iqj.  6d. 

BOOLE. — Works  by  G.  Boole,  D.C.L.,  B.It.S.,  Professor  of 
Mathematics  in  the  Queen’s  University,  Ireland: — 

—  A  TREATISE  ON  DIFFERENTIAL  EQUATIONS.  New 
and  Revised  Edition.  Edited  by  I.  Todhunter.  Crown  8vo. 
cloth,  1 4 a 

The  author  has  endeavoured  in  this  Treatise  to  convey  as  complete  an  ac¬ 
count  of  the  present  state  of  knowledge  on  the  subject  of  Differential 
Equations,  as  was  consistent  with  the  idea  of  a  work  intended  primarily 
for  elementary  instruction.  The  earlier  sections  of  each  chapter  contain 
that  kind  of  matter  which  has  usually  been  thought  suitable  to  the  beginner, 
while  the  later  ones  are  devoted  either  to  an  account  of  recent  discovery, 
or  the  discussion  of  such  deeper  questions  of  principle  as  are  likely  to  pre¬ 
sent  themselves  to  the  reflective  student  in  connexion  with  the  methods 
and  processes  of  his  previous  course. 

—  A  TREATISE  ON  DIFFERENTIAL  EQUATIONS.  Sup¬ 
plementary  Volume.  Edited  by  I.  Todhunter.  Crown  8vo. 
cloth,  8a  6d. 

—  THE  CALCULUS  OF  FINITE  DIFFERENCES.  Crown 
8 vo.  cloth,  ioa  6d. 

This  work  is  in  some  measure  designed  as  a  sequel  to  the  Treatise  oil 
Differential  Equations ,  and  is  composed  on  the  same  plan. 
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BEASLEY.—  AN  ELEMENTARY  TREATISE  ON  PLANE 
TRIGONOMETRY.  With  Examples.  By  R.  D.  Beasley, 
M.A.,  Head  Master  of  Grantham  Grammar  School.  Second 
Edition,  revised  and  enlarged.  Crown  8vo.  cloth,  3A  6d. 

This  Treatise  is  specially  intended  for  use  in  Schools.  The  choice  of  matter 
has  been  chiefly  guided  by  the  requirements  of  the  three  days’  Examina¬ 
tion  at  Cambridge,  with  the  exception  of  proportional  parts  in  Logarithms, 
which  have  been  omitted.  About  Four  hundred  Examples  have  been 
added,  mainly  collected  from  the  Examination  Papers  of  the  last  ten  years, 
and  great  pains  have  been  taken  to  exclude  from  the  body  of  the  work  any 
which  might  dishearten  a  beginner  by  their  difficulty. 

CAMBRIDGE  SENATE-HOUSE  PROBLEMS  and  RIDERS , 
WITH  SOLUTIONS 

1848 — 1851. — PROBLEMS.  By  Ferrers  and  Jackson.  8vo.  cloth. 
1  5  a  6  d. 

1848 — 1851. — RIDERS.  By  Jameson.  8vo.  cloth.  Js.  6 d. 

1854. — PROBLEMS  and  RIDERS.  By  Walton  and  Mackenzie, 
8vo.  cloth,  ioa  6 d. 

1857. — PROBLEMS  and  RIDERS.  By  Campion  and  Walton. 
8vo.  cloth.  8a  6d. 

i860. — PROBLEMS  and  RIDERS.  By  Watson  and  Routh. 
Crown  8vo.  cloth.  7a  6 d. 

1864. — PROBLEMS  and  RIDERS.  By  Walton  and  Wilkinson. 
8vo.  cloth,  ioa  6d. 

CAMBRIDGE  COURSE  OF  ELEMENTARY  NATURAL  PHI¬ 
LOSOPHY,  for  the  Degree  of  B.A.  Originally  compiled  by 
J.  C.  Snowball,  M.A.,  late  Fellow  of  St.John’s  College.  Fifth 
Edition,  revised  and  enlarged,  and  adapted  for  the  Middle- Class 
Examinations  by  Thomas  Lund,  B.D.,  Late  Fellow  and  Lecturer 
of  St.John’s  College;  Editor  of  Wood’s  Algebra,  &c.  Crown 
8vo.  cloth.  5a 

This  work  will  be  found  suited  to  the  wants,  not  only  of  University  Students, 
but  also  of  many  others  who  require  a  short  course  of  Mechanics  and 
Hydrostatics,  and  especially  of  the  Candidates  at  our  Middle-Class  Ex¬ 
aminations. 

CAMBRIDGE  AND  DUBLIN  MA  THEM  A  TICAL  JOURNAL . 
The  Complete  Work,  in  Nine  Vols.  8vo.  cloth.  4A 

(Only  a  few  copies  remain  on  hand.) 

CHE  YNE. — AN  ELEMENTARY  TREATISE  on  the  PLANET¬ 
ARY  THEORY.  With  a  Collection  of  Problems.  By  C.  H.  PL 
Cpieyne,  B.A.  Crown  8vo.  cloth.  6a  6d. 

—  THE  EARTH’S  MOTION  of  ROTATION.  By  C.  H.  H, 
Cheyne,  M.A.  Crown  8vo.  3A  6 d. 
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CHILDE. — THE  SINGULAR  PROPERTIES  of  the  ELLIPSOID 
and  ASSOCIATED  SURFACES  of  the  Nth  DEGREE.  By 
the  Rev.  G.  F.  Childe,  M.A.,  Author  of  “Ray  Surfaces,” 
“Related  Caustics,”  &c.  8vo.  io s.  6d. 

CHRIS  TIE. — A  COLLECTION  OF  ELEMENTARY  TEST- 
QUESTIONS  in  PURE  and  MIXED  MATHEMATICS  ;  with 
Answers  and  Appendices  on  Synthetic  Division,  and  on  the 
Solution  of  Numerical  Equations  by  Horner’s  Method.  By  James 
R.  Christie,  F.  R.  S.,  late  First  Mathematical  Master  at  the 
Royal  Military  Academy,  Woolwich.  Crown  8vo.  cloth,  8a  6 d. 

The  Series  of  Mathematical  Exercises  here  offered  to  the  public  is  collected 
from  those  which  the  author  has  from  time  to  time  proposed  for  solution  by 
his  pupils  during  a  long  career  at  the  Royal  Military  Academy;  they  are 
in  the  main  original :  and  having  well  fulfilled  the  purpose  for  which  they 
were  first  framed,  it  is  hoped  they  may  be  made  still  more  widely  useful. 

DALTON— ARITHMETICAL  EXAMPLES.  Progressively  ar¬ 
ranged,  with  Exercises  and  Examination  Papers.  By  the  Rev. 
T.  Dalton,  M.A.,  Assistant  Master  of  Eton  College.  i8mo. 
cloth.  2s.  6d. 

DODGSON.—  AN  ELEMENTARY  TREATISE  ON  DETER¬ 
MINANTS,  with  their  Application  to  Simultaneous  Linear  Equa¬ 
tions  and  Algebraical  Geometry.  By  C.  L.  Dodgson,  M.A., 
Mathematical  Lecturer  of  Christ  Church,  Oxford.  Small  4to. 
cloth,  ioa  6d. 

DRE  W. — GEOMETRICAL  TREATISE  on  CONIC  SECTIONS. 
By  W.  H.  Drew,  M.A.,  St.  John’s  College,  Cambridge.  Third 
Edition.  Crown  8vo.  cloth,  4 a  6d. 

In  this  work  the  subject  of  Conic  Sections  has  been  placed  before  the  student 
in  such  a  form  that,  it  is  hoped,  after  mastering  the  elements  of  Euclid,  he 
may  find  it  an  easy  and  interesting  continuation  of  his  geometrical  studies. 
With  a  view  also  of  rendering  the  work  a  complete  Manual  of  what  is  re¬ 
quired  at  the  Universities,  there  have  been  either  embodied  into  the  text, 
or  inserted  among  the  examples,  every  book-work  question,  problem,  and 
rider,  which  has  been  proposed  in  the  Cambridge  examinations  up  to  the 
present  time. 

—  SOLUTIONS  TO  THE  PROBLEMS  IN  DREW’S  CONIC 
SECTIONS.  Crown  8vo.  cloth,  4A  6d. 

FERRERS.  — AN  ELEMENTARY  TREATISE  on  TRI  LINEAR 
CO-ORDINATES,  the  Method  of  Reciprocal  Polars,  and  the 
Theory  of  Projections.  By  the  Rev.  N.  M.  Ferrers,  M.A., 
Fellow  and  Tutor  of  Gonville  and  Caius  College,  Cambridge. 
Second  Edition.  Crown  8vo.  6a  6d. 

The  object  of  the  author  in  writing  on  this  subject  has  mainly  been  to  place 
it  on  a  basis  altogether  independent  of  the  ordinary  Cartesian  system,  in¬ 
stead  of  regarding  it  as  only  a  special  form  of  Abridged  Notation.  A  short 
chapter  on  Determinants  has  been  introduced. 
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FROST — THE  FIRST  THREE  SECTIONS  of  NEWTON’S 
PRINCIPIA.  With  Notes  and  Illustrations.  Also  a  Collection 
of  Problems,  principally  intended  as  Examples  of  Newton’s 
Methods.  By  Percival  Frost,  M.A.,  late  Fellow  of  St.  John’s 
College,  Mathematical  Lecturer  of  King’s  College,  Cambridge. 
Second  Edition.  8vo.  cloth,  ioa  6d. 

The  author’s  principal  intention  is  to  explain  difficulties  which  may  be  en¬ 
countered  by  the  student  on  first  reading  the  Principia,  and  to  illustrate 
the  advantages  of  a  careful  study  of  the  methods  employed  by  Newton,  by 
showing  the  extent  to  which  they  may  be  applied  in  the  solution  of  prob¬ 
lems  ;  he  has  also  endeavoured  to  give  assistance  to  the  student  who  is 
engaged  in  th  e study  of  the  higher  branches  of  Mathematics,  by  repre¬ 
senting  in  a  geometrical  form  several  of  the  processes  employed  in  the 
Differential  and  Integral  Calculus,  and  in  the  analytical  investigations  of 
Dynamics. 

FROST  and  WOLS TENFdOLME.  — A  TREATISE  ON  SOLID 
GEOMETRY.  By  Percival  Frost,  M.A.,  and  the  Rev.  J. 
Wolstenholme,  M.A.,  Fellow  and  Assistant  Tutor  of  Christ’s 
College.  8vo.  cloth,  i8a 

The  authors  have  endeavoured  to  present  before  students  as  comprehensive 
a  view  of  the  subject  as  possible.  Intending  as  they  have  done  to  make 
the  subject  accessible,  at  least  in  the  earlier  portion,  to  all  classes  of 
students,  they  have  endeavoured  to  explain  fully  all  the  processes  which 
are  most  useful  in  dealing  with  ordinary  theorems  and  problems,  thus  di¬ 
recting  the  student  to  the  selection  of  methods  which  are  best  adapted  to 
the  exigencies  of  each  problem.  In  the  more  difficult  portions  of  the  sub¬ 
ject,  they  have  considered  themselves  to  be  addressing  a  higher  class  of 
students  ;  there  they  have  tried  to  lay  a  good  foundation  on  which  to  build, 
if  any  reader  should  wish  to  pursue  the  science  beyond  the  limits  to  which 
the  work  extends. 

GODFRA  Y — A  TREATISE  on  ASTRONOMY,  for  the  use  of 
Colleges  and  Schools.  By  Hugh  Godfray,  M.A.,  Mathematical 
Lecturer  at  Pembroke  College,  Cambridge.  8vo.  cloth.  12 a  6d. 

“We  can  recommend  for  its  purpose  a  very  good  Treatise  on  Astronomy 
by  Mr.  Godfray.  It  is  a  working  book,  taking  astronomy  in  its  proper 
place  in  mathematical  science.  Eut  it  begins  with  the  elementary  de¬ 
finitions,  and  connects  the  mathematical  formulae  very  clearly  with  the 
visible  aspect  of  the  heavens  and  the  instruments  which  are  used  for  ob¬ 
serving  it.  ” — Guardian. 

—  AN  ELEMENTARY  TREATISE  on  the  LUNAR  THEORY. 
With  a  brief  Sketch  of  the  Problem  up  to  the  time  of  Newton. 
By  Hugh  Godfray,  M.A.  Second  Edition,  revised.  Crown 
8vo.  cloth.  5a  6d. 

HEMMING.  — AN  ELEMENTARY  TREATISE  on  the  DIF¬ 
FERENTIAL  AND  INTEGRAL  CALCULUS,  for  the  use 
of  Colleges  and  Schools.  By  G.  W.  Hemming,  M.A.,  Fellow 
of  St.  John’s  College,  Cambridge.  Second  Edition,  with  Cor¬ 
rections  and  Additions.  8vo.  cloth.  9 a 
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JONES  and  CHE YNE. — ALGEBRAICAL  EXERCISES.  Pro¬ 
gressively  arranged.  By  the  Rev.  C.  A.  Jones,  M.A.,  and  C.  H. 
Cheyne,  M.A.,  Mathematical  Masters  of  Westminster  School. 
New  Edition.  i8mo.  cloth,  2 s.  6 d. 

This  little  book  is  intended  to  meet  a  difficulty  which  is  probably  felt  more 
or  less  by  all  engaged  in  teaching  Algebra  to  beginners.  It  is  that  while 
new  ideas  are  being  acquired,  old  ones  are  forgotten.  In  the  belief  that 
constant  practice  is  the  only  remedy  for  this,  the  present  series  of  miscel¬ 
laneous  exercises  has  been  prepared.  Their  peculiarity  consists  in  this, 
that  though  miscellaneous  they  are  yet  progressive,  and  may  be  used  by 
the  pupil  almost  from  the  commencement  of  his  studies.  They  are  not  in¬ 
tended  to  supersede  the  systematically  arranged  examples  to  be  found  in 
ordinary  treatises  on  Algebra,  but  rather  to  supplement  them. 

The  book  being  intended  chiefly  for  Schools  and  Junior  Students,  the  higher 
parts  of  Algebra  have  not  been  included. 

MORGAN—  A  COLLECTION  of  PROBLEMS  and  EXAMPLES 
in  Mathematics.  With  Answers.  By  H.  A.  Morgan,  M.A., 
Sadlerian  and  Mathematical  Lecturer  of  Jesus  College,  Cambridge. 
Crown  8vo.  cloth.  6s.  6d. 

This  book  contains  a  number  of  problems,  chiefly  elementary,  in  the  Mathe¬ 
matical  subjects  usually  read  at  Cambridge.  They  have  been  selected 
from  the  papers  set  during  late  years  at  Jesus  college.  Very  few  of  them 
are  to  be  met  with  in  other  collections,  and  by  far  the  larger  number  are 
due  to  some  of  the  most  distinguished  Mathematicians  in  the  University. 

PARKINSON. — Works  by  S.  Parkinson,  B.D.,  Fellow  and  Pree¬ 
lector  of  St.  John’s  College,  Cambridge  : — 

—  AN  ELEMENTARY  TREATISE  ON  MECHANICS.  For 

the  use  of  the  Junior  Classes  at  the  University  and  the  Higher 
Classes  in  Schools.  With  a  Collection  of  Examples.  Third 

Edition,  revised.  Crown  8vo.  cloth,  9 s.  6d. 

The  author  has  endeavoured  to  render  the  present  volume  suitable  as  a 
Manual  for  the  junior  classes  in  Universities  and  the  higher  classes  in 
Schools.  In  the  Third  Edition  several  additional  propositions  have  been 
incorporated  in  the  work  for  the  purpose  of  rendering  it  more  complete, 
and  the  Collection  of  Examples  and  Problems  has  been  largely  increased. 

—  A  TREATISE  on  OPTICS.  Second  Edition,  revised.  Crown 
8 vo.  cloth,  I  or.  6d. 

A  collection  of  Examples  and  Problems  has  been  appended  to  this  work 
which  are  sufficiently  numerous  and  varied  in  character  to  afford  useful 
exercise  for  the  student :  for  the  greater  part  of  them  recourse  has  been 
had  to  the  Examination  Papers  set  in  the  University  and  the  several  Col¬ 
leges  during  the  last  twenty  years. 

Subjoined  to  the  copious  Table  of  Contents  the  author  has  ventured  to  indi¬ 
cate  an  elementary  course  of  reading  not  unsuitable  for  the  requirements  of 
the  First  Three  Days  in  the  Cambridge  Senate-House  Examinations. 
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PHEA  R.  — ELEMENT  ARY  HYDROSTATICS.  With  numerous 
Examples.  By  J.  B.  Phear,  M.A. ,  Fellow  and  late  Assistant 
Tutor  of  Clare  College,  Cambridge.  Fourth  Edition.  Crown  Svo. 
cloth,  5 s.  6 d. 

“An  excellent  Introductory  Book.  The  definitions  are  very  clear;  the  de¬ 
scriptions  and  explanations  are  sufficiently  full  and  intelligible  ;  the  in¬ 
vestigations  are  simple  and  scientific.  The  examples  greatly  enhance  its 
value.” — English  Journal  of  Education. 


PRATT— A  TREATISE  on  ATTRACTIONS,  LAPLACE’S 
FUNCTIONS,  and  the  FIGURE  of  the  EARTH.  By  John 
H.  Pratt,  M.A.,  Archdeacon  of  Calcutta,  Author  of  “The 
Mathematical  Principles  of  Mechanical  Philosophy.”  Third 
Edition.  Crown  Svo.  cloth,  6s.  6d. 

PUCKLE.  — AN  ELEMENTARY  TREATISE  on  CONIC  SECT¬ 
IONS  and  ALGEBRAIC  GEOMETRY.  With  Easy  Examples, 
progressively  arranged ;  especially  designed  for  the  use  of  Schools 
and  Beginners.  By  G.  H.  Puckle,  M.A.,  St.John’s  College, 
Cambridge,  Head  Master  of  Windermere  College.  Third  Edition, 
enlarged  and  improved.  Crown  8vo.  cloth,  7 s.  6d. 

The  work  has  been  completely  re-written,  and  a  considerable  amount  of  new 
matter  has  been  added,  to  suit  the  requirements  of  the  present  time. 


RA  WLINS  ON.  — ELEMENT  ARY  STATICS.  By  G.  Rawlin- 
SON,  M.A.  Edited  by  Edward  Sturges,  M.A.,  of  Emmanuel 
College,  Cambridge,  and  late  Professor  of  the  Applied  Sciences, 
Elphinstone  College,  Bombay.  Crown  Svo.  cloth.  4 a  6d. 

Published  under  the  authority  of  H.  M.  Secretary  of  State  for  use  in  the 
Government  Schools  and  Colleges  in  India. 

“  This  Manual  may  take  its  place  among  the  most  exhaustive,  yet  clear  and 
simple,  we  have  met  with,  upon  the  composition  and  resolution  of  forces, 
equilibrium,  and  the  mechanical  powers.” — Oriental  B-udget. 


ROUTH — AN  ELEMENTARY  TREATISE  on  the  DYNAMICS 
of  a  SYSTEM  of  RIGID  BODIES.  With  Examples.  By 
Edward  John  Routh,  M.A.,  Fellow  and  Assistant  Tutor  of 
St.  Peter’s  College,  Cambridge ;  Examiner  in  the  University  of 
London.  Crown  8vo.  cloth,  ioa  6d. 

SMITH.— A  TREATISE  on  ELEMENTARY  STATICS.  By 
J.  H.  SMITH,  M.A.,  Gonville  and  Caius  College,  Cambridge. 
8vo.  5a  6d. 


LIST  OF  EDUCATIONAL  BOOKS. 


SMITH. — Works  by  Barnard  Smith.,  M.A.,  Rector  of  Glaston, 
Rutlandshire,  late  Fellow  and  Senior  Bursar  of  St.  Peter’s  College, 
Cambridge  : — 

—  ARITHMETIC  and  ALGEBRA,  in  their  Principles  and  Ap¬ 
plication,  with  numerous  Systematically  arranged  Examples,  taken 
from  the  Cambridge  Examination  Papers,  with  especial  reference 
to  the  Ordinary  Examination  for  B.A.  Degree.  Tenth  Edition. 
Crown  8vo.  cloth,  ictr.  6d. 

This  work  is  now  extensively  used  in  Schools  and  Colleges  both  at  home  and 
in  the  Colo?ties.  It  has  also  been  found  of  great  service  for  students  pre¬ 
paring  for  the  Middle-Class  and  Civil  and  Military  Service  Ex¬ 
aminations,  from  the  care  that  has  been  taken  to  elucidate  the  principles 
of  all  the  Rules. 

—  ARITHMETIC  FOR  SCHOOLS.  New  Edition.  Crown 
8vo.  cloth,  4.n  6d. 

—  COMPANION  to  ARITHETIC  for  SCHOOLS.  \Preparing. 

—  A  KEY  to  the  ARITHMETIC  for  SCHOOLS.  Fifth  Edition. 
Crown  8 vo. ,  cloth,  8  a  6 d. 

—  EXERCISES  in  ARITPIMETIC.  With  Answers.  Crown 
8vo.  limp  cloth,  2s.  6d.  Or  sold  separately,  as  follows  : — Part  I. 
is.;  Part  II.  is.  Answers,  6 d. 

These  Exercises  have  been  published  in  order  to  give  the  pupil  examples  in 
every  rule  of  Arithmetic.  The  greater  number  have  been  carefully  com¬ 
piled  from  the  latest  University  and  School  Examination  Papers. 

—  SCHOOL  CLASS-BOOK  of  ARITPIMETIC.  i8mo.  cloth, 
3 s.  Or  sold  separately,  Parts  I.  and  II.  lod.  each  ;  Part  III.  u. 

—  KEYS  to  SCHOOL  CLASS-BOOK  of  ARITHMETIC.  Com¬ 
plete  in  one  Volume,  i8mo.,  cloth,  6s.  6d.  ;  or  Parts  I.,  II.,  and 
III.  2s.  6d.  each. 

—  SHILLING  BOOK  of  ARITPIMETIC  for  NATIONAL 
and  ELEMENTARY  SCHOOLS.  i8mo.  cloth.  Or  separately, 
Parti.  2d.;  Part  II.  yl.\  Part  III.  7  d.  Answers,  6d. 

The  Same,  with  Answers  complete.  i8mo.  cloth,  is.  6d. 

—  KEY  to  SHILLING  BOOK  of  ARITHMETIC.  i8mo.  cloth, 
4 s.  6d. 

—  EXAMINATION  PAPERS  in  ARITHMETIC.  In  Four 
Parts.  i8mo.  cloth,  is.  6d.  The  Same,  with  Answers,  i8mo. 
is.  9 d. 

—  KEY  to  EXAMINATION  PAPERS  in  ARITHMETIC. 
i8mo.  cloth,  4-5\  6 d. 
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SNOWBALL.— PLANE  and  SPHERICAL  TRIGONOMETRY. 
With  the  Construction  and  Use  of  Tables  of  Logarithms.  By 
J.  C.  Snowball.  Tenth  Edition.  Crown  8vo.  cloth,  7 s.  6d. 

TALT  and  STEELE. — DYNAMICS  of  a  PARTICLE.  With 
Examples.  By  Professor  Tait  and  Mr.  Steele.  New  Edition. 
Crown  8vo.  cloth,  ioa  6d. 

In  this  Treatise  will  be  found  all  the  ordinary  propositions  connected  with 
the  Dynamics  of  Particles  which  can  be  conveniently  deduced  without  the 
use  of  D’Alembert’s  Principles.  Throughout  the  book  will  be  found  a 
number  of  illustrative  Examples  introduced  in  the  text,  and  for  the  most 
part  completely  worked  out ;  others,  with  occasional  solutions  or  hints  to 
assist  the  student,  are  appended  to  each  Chapter. 

TA  YLOR. — GEOMETRICAL  CONICS  ;  including  Anharmonic 
Ratio  and  Projection,  with  numerous  Examples.  By  C.  Taylor, 
B.A.,  Scholar  of  St.  John’s  College,  Cambridge.  Crown  8vo. 
cloth,  7 s.  6d. 

TODHUNTER.  —  Works  by  I.  Todhunter,  M.A.,  F.R.S.,  Fellow 
and  Principal  Mathematical  Lecturer  of  St.John’s  College,  Cam¬ 
bridge  : — 

—  THE  ELEMENTS  of  EUCLID  for  the  use  of  COLLEGES 
and  SCHOOLS.  New  Edition.  i8mo.  cloth,  3^.  6d. 

—  ALGEBRA  for  BEGINNERS.  With  numerous  Examples. 
New  Edition.  i8mo.  cloth,  2 s.  6d. 

Great  pains  have  been  taken  to  render  this  work  intelligible  to  young  students 
by  the  use  of  simple  language  and  by  copious  explanations.  In  accord¬ 
ance  with  the  recommendation  of  teachers,  the  examples  for  exercises  are 
very  numerous. 

—  KEY  to  ALGEBRA  for  BEGINNERS.  Crown  8vo.,  cl.,  6s.  6d. 

—  TRIGONOMETRY  for  BEGINNERS.  With  numerous 
Examples.  i8mo.  cloth,  2s.  6d. 

Intended  to  serve  as  an  introduction  to  the  larger  treatise  on  Plane  Trigo¬ 
nometry,  published  by  the  author.  The  same  plan  has  been  adopted  as  in 
the  Algebra  for  Beginners :  the  subject  is  discussed  in  short  chapters,  and 
a  collection  of  examples  is  attached  to  each  chapter. 

—  MECHANICS  for  BEGINNERS.  With  numerous  Examples. 
i8mo.  cloth,  4 s.  6 d. 

Intended  as  a  companion  to  the  two  preceding  books.  The  work  forms  an 
elementary  treatise  on  Demonstrative  Mechanics.  It  may  be  true  that 
this  part  of  mixed  mathematics  has  been  sometimes  made  too  abstract  and 
speculative  ;  but  it  can  hardly  be  doubted  that  a  knowledge  of  the  elements 
at  least  of  the  theory  of  the  subject  is  extremely  valuable  even  for  those 
who  are  mainly  concerned  with  practical  results.  The  author  has  accord¬ 
ingly  endeavoured  to  provide  a  suitable  introduction  to  the  study  of  applied 
as  well  as  of  theoretical  Mechanics. 
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TODHUNTER. — Works  by  I.  Todhunter,  M.A. — Continued. 

—  A  TREATISE  on  the  DIFFERENTIAL  CALCULUS. 
With  Examples.  Fourth  Edition.  Crown  8vo.  cloth,  ior.  6 d. 

—  A  TREATISE  on  the  INTEGRAL  CALCULUS.  Third 
Edition,  revised  and  enlarged.  With  Examples.  Crown  8vo. 
cloth,  i  or.  6 d. 

—  A  TREATISE  on  ANALYTICAL  STATICS.  With  Ex¬ 
amples.  Third  Edition,  revised  and  enlarged.  Crown  8vo.  cloth, 
i  or.  6d. 

—  PLANE  CO-ORDINATE  GEOMETRY,  as  applied  to  the 
Straight  Line  and  the  CONIC  SECTIONS.  With  numerous 
Examples.  Fourth  Edition.  Crown  8vo.  cloth,  7 r.  6d. 

— •  ALGEBRA.  For  the  use  of  Colleges  and  Schools.  Fourth 

Edition.  Crown  8vo.  strongly  bound  in  cloth,  7 r.  6d. 

This  work  contains  all  the  propositions  which  are  usually  included  in  ele¬ 
mentary  treatises  on  Algebra,  and  a  large  number  of  Examples  for  Ex¬ 
ercise.  The  author  has  sought  to  render  the  work  easily  intelligible  to 
students  without  impairing  the  accuracy  of  the  demonstrations,  or  contract¬ 
ing  the  limits  of  the  subject.  The  Examples  have  been  selected  with  a 
view  to  illustrate  every  part  of  the  subject,  and  as  the  number  of  them  is 
about  Sixteen  hzindred  and fifty,  it  is  hoped  they  will  supply  ample  exer¬ 
cise  for  the  student.  Each  set  of  Examples  has  been  carefully  arranged, 
commencing  with  very  simple  exercises,  and  proceeding  gradually  to  those 
which  are  less  obvious. 

—  PLANE  TRIGONOMETRY.  For  Schools  and  Colleges. 
Third  Edition.  Crown  8vo.  cloth,  5^. 

The  design  of  this  work  has  been  to  render  the  subject  intelligible  to  be¬ 
ginners,  and  at  the  same  time  to  afford  the  student  the  opportunity  of  ob¬ 
taining  all  the  information  which  he  will  require  on  this  branch  of  Mathe¬ 
matics.  Each  chapter  is  followed  by  a  set  of  Examples  ;  those  which  are 
entitled  Miscellaneous  Examples,  together  with  a  few  in  some  of  the  other 
sets,  may  be  advantageously  reserved  by  the  student  for  exercise  after  he 
has  made  some  progress  in  the  subject.  In  the  Second  Edition  the 
hints  for  the  solution  of  the  Examples  have  been  considerably  increased. 

—  A  TREATISE  ON  SPHERICAL  TRIGONOMETRY. 
Second  Edition,  enlarged.  Crown  8vo.  cloth,  4^.  6d. 

This  work  is  constructed  on  the  same  plan  as  the  Treatise  on  Plane  Trigo¬ 
nometry,  to  which  it  is  intended  as  a  sequel.  Considerable  labour  has 
been  expended  on  the  text  in  order  to  render  it  comprehensive  and  ac¬ 
curate,  and  the  Examples,  which  have  been  chiefly  selected  from  Uni¬ 
versity  and  College  Papers,  have  all  been  carefully  verified. 

—  EXAMPLES  of  ANALYTICAL  GEOMETRY  of  THREE 
DIMENSIONS.  Second  Edition,  revised.  Crown  8vo.  cloth,  4 s. 

—  AN  ELEMENTARY  TREATISE  on  the  THEORY  of 
EQUATIONS.  Second  Edition,  revised.  Crown  8vo.  cloth, 
7-r.  6d. 
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WILSON. — ELEMENTARY  GEOMETRY  FOR  SCHOOLS. 
Part  I.  The  Angle,  Triangle,  Parallels,  and  Equivalent  Forces, 
with  the  Application  of  Problems.  By  J.  M.  WILSON,  M.A., 
Fellow  of  St.  John’s  College,  Cambridge,  and  Assistant  Master  in 
Rugby  School.  \In  the  Press. 

—  A  TREATISE  on  DYNAMICS.  By  W.  P.  Wilson,  M.A., 
Fellow  of  St.  John’s  College,  Cambridge ;  and  Professor  of 
Mathematics  in  Queen’s  College,  Belfast.  8vo.  9 s.  6d. 

WOLS TENHOLME.  — A  BOOK  of  MATHEMATICAL  PROB¬ 
LEMS  on  subjects  included  in  the  Cambridge  Course.  Bv  Joseph 
Wolstenholme,  Fellow  of  Christ’s  College,  sometime  Fellow  of 
St.John’s  College,  and  lately  Lecturer  in  Mathematics  at  Christ’s 
College.  Crown  8vo.  cloth,  8s.  6d.  \Just published. 

Contents  :  Geometry  (Euclid). — Algebra. — Plane  Trigonometry. — Conic 
Sections,  Geometrical. — Conic  Sections,  Analytical. — Theory  of  Equations. 
— Differential  Calculus. — Integral  Calculus. — Solid  Geometry — Statics. — 
Dynamics,  Elementary. — Newton. — Dynamics  of  a  Point. — Dynamics  of 
a  Rigid  Body. — Hydrostatics. — Geometrical  Optics. — Spherical  Trigono¬ 
metry  and  Plane  Astronomy. 

In  each  subject  the  order  of  the  Text-Books  in  general  use  in  the  University 
of  Cambridge  has  been  followed,  and  to  some  extent  the  questions  have 
been  arranged  in  order  of  difficulty.  The  collection  will  be  found  to  be 
unusually  copious  in  problems  in  the  earlier  subjects,  by  which  it  is  de¬ 
signed  to  make  the  work  useful  to  mathematical  students,  not  only  in  the 
Universities,  but  in  the  higher  classes  of  public  schools. 


SCIENCE. 

GEIKIE.—  ELEMENTARY  LESSONS  in  PHYSICAL  GEO¬ 
LOGY.  By  Archibald  Geikie,  F.R.S.,  Director  of  the  Geo¬ 
logical  Survey  of  Scotland.  \Preparing. 

HUXLEY.—  LESSONS  in  ELEMENTARY  PHYSIOLOGY. 
With  numerous  Illustrations.  By  T.  H.  Huxley,  F.  R.  S.,  Pro¬ 
fessor  of  Natural  History  in  the  Royal  School  of  Mines.  Fifth 
Thousand.  i8mo.  cloth,  4 s.  6d. 

“  It  is  a  very  small  book,  but  pure  gold  throughout.  There  is  not  a  waste 
sentence,  or  a  superfluous  word,  and  yet  it  is  all  clear  as  daylight.  It 
exacts  close  attention  from  the  reader,  but  the  attention  will  be  repaid  by 
a  real  acquisition  of  knowledge.  And  though  the  book  is  so  small,  it 

manages  to  touch  on  some  of  the  very  highest  problems . The  whole 

book  shows  how  true  it  is  that  the  most  elementary  instruction  is  best 
given  by  the  highest  masters  in  any  science.” — Guardian. 

“The  very  best  descriptions  and  explanations  of  the  principles  of  human 
physiology  which  have  yet  been  written  by  an  Englishman.” — Saturday 
Review. 
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L  0  CKYER.  — ELEMENT  ARY  LESSONS  in  ASTRONOMY, 
with  numerous  Illustrations.  By  J.  Norman  Lockyer. 

\Preparing. 

OLIVER. — LESSONS  IN  ELEMENTARY  BOTANY.  With 
nearly  Two  Hundred  Illustrations.  By  Daniel  Oliver,  F.R.  S., 
F.  L.  S.  Third  Thousand.  i8mo.  cloth,  4s.  6d. 

“  The  manner  is  most  fascinating,  and  if  it  does  not  succeed  in  making  this 
division  of  science  interesting  to  every  one,  we  do  not  think  anything  can. 
....  Nearly  200  well  executed  woodcuts  are  scattered  through  the  text, 
and  a  valuable  and  copious  index  completes  a  volume  which  we  cannot 
praise  too  highly,  and  which  we  trust  all  our  botanical  readers,  young  and 
old,  will  possess  themselves  of.” — Popular  Science  Review. 

“  To  this  system  we  now  wish  to  direct  the  attention  of  teachers,  feeling 
satisfied  that  by  some  such  course  alone  can  any  substantial  knowledge  of 
plants  be  conveyed  with  certainty  to  young  men  educated  as  the  mass  of 
our  medical  students  have  been.  We  know  of  no  work  so  well  suited  to 
direct  the  botanical  pupil’s  efforts  as  that  of  Professor  Oliver’s,  who,  with 
views  so  practical  and  with  great  knowledge  too,  can  write  so  accurately 
and  clearly.” — Natural  History  Review. 

“  It  is  very  simple,  but  truly  scientific,  and  written  with  such  a  clearness 

which  shows  Professor  Oliver  to  be  a  master  of  exposition . No  one 

could  have  thought  that  so  much  thoroughly  correct  botany  could  have 
been  so  simply  and  happily  taught  in  one  volume.” — American  Journal 
of  Science  and  Arts. 


R  OS  COE. — LESSONS  in  ELEMENTARY  CHEMISTRY,  In¬ 
organic  and  Organic.  By  Henry  Roscoe,  F.R. S.,  Professor  of 
Chemistry  in  Owen’s  College,  Manchester.  With  numerous  Il¬ 
lustrations  and  Chromo-Litho.  of  the  Solar  Spectra.  Seventh 
Thousand.  i8mo.  cloth,  4 s.  6d. 

It  has  been  the  endeavour  of  the  author  to  arrange  the  most  important  facts 
and  principles  of  Modern  Chemistry  in  a  plain  but  concise  and  scientific 
form,  suited  to  the  present  requirements  of  elementary  instruction.  For 
the  purpose  of  facilitating  the  attainment  of  exactitude  in  the  knowledge  of 
the  subject,  a  series  of  exercises  and  questions  upon  the  lessons  have  been 
added.  The  metric  system  of  weights  and  measures,  and  the  centigrade 
thermometric  scale,  are  used  throughout  the  work. 

“  A  small,  compact,  carefully  elaborated  and  well  arranged  manual.” — 
Spectator. 

“  It  has  no  rival  in  its  field,  and  it  can  scarcely  fail  to  take  its  place  as  the 
text-book  at  all  schools  where  chemistry  is  now  studied.” — Chemical  News. 

“We  regard  Dr.  Roscoe’s  as  being  by  far  the  best  book  from  which  a 
student  can  obtain  a  sound  and  accurate  knowledge  of  the  facts  and  prin¬ 
ciples  of  rudimentary  chemistry.” — The  Veterinarian. 
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ATLAS  of  EUROPE.  Globe  Edition.  Uniform  in  size  with 
Macmillan’s  Globe  Series,  containing  48  Coloured  Maps,  on  the 
same  scale  Plans  of  London  and  Paris,  and  a  copious  Index, 
strongly  bound  in  half-morocco,  with  flexible  back.  9 s. 

Notice. — This  Adas  includes  all  the  Countries  of  Europe  in  a  Series  of 
Forty-eight  Maps,  drawn  on  the  same  scale,  with  an  Alphabetical  Index  to 
the  situation  of  more  than  10,000  Places ;  and  the  relation  of  the  various 
Maps  and  Countries  to  each  other  is  defined  in  a  general  Key-Map. 

The  identity  of  scale  in  all  the  Maps  facilitates  the  comparison  of  extent  and 
distance,  and  conveys  a  just  impression  of  the  magnitude  of  different 
Countries.  The  size  suffices  to  show  the  Provincial  Divisions,  the  Rail¬ 
ways  and  Main  Roads,  the  Principal  Rivers  and  Mountain  Ranges.  As 
a  book  it  can  be  opened  without  the  inconvenience  which  attends  the  use 
of  a  folding  map. 

“  In  the  series  of  works  which  Messrs.  Macmillan  and  Co.  are  publishing 
under  this  general  title  (Globe  Series)  they  have  combined  portableness 
with  scholarly  accuracy  and  typographical  beauty,  to  a  degree  that  is 
almost  unprecedented.  Happily  they  are  not  alone  in  employing  the 
highest  available  scholarship  in  the  preparation  of  the  most  elementary 
educational  works  ;  but  their  exquisite  taste  and  large  resources  secure  an 
artistic  result  which  puts  them  almost  beyond  competition.  This  little 
atlas  will  be  an  invaluable  boon  for  the  school,  the  desk,  or  the  traveller’s 
portmanteau.” — British  Quarterly  Review. 


EARLY  EGYPTIAN  HISTORY  for  the  Young.  With  Descriptions 
of  the  Tombs  and  Monuments.  New  Edition,  with  Frontispiece. 
Fcap.  8vo.  5t. 

“  Written  with  liveliness  and  perspicuity.” — Guardian. 

“  Artistic  appreciation  of  the  picturesque,  lively  humour,  unusual  aptitude  for 
handling  the  childish  intellect,  a  pleasant  style,  and  sufficient  learning, 
altogether  free  from  pedantic  parade,  are  among  the  good  qualities  of  this 
volume,  which  we  cordially  recommend  to  the  parents  of  inquiring  and 
book-loving  boys  and  girls.” — Athenceum. 

“  This  is  one  of  the  most  perfect  books  for  the  young  that  we  have  ever  seen. 
We  know  something  of  Herodotus  and  Rawlinson,  and  the  subject  is  cer¬ 
tainly  not  new  to  us  ;  yet  we  read  on,  not  because  it  is  our  duty,  but  for  very 
pleasure.  The  author  has  hit  the  best  possible  way  of  interesting  any  one 
young  or  old.” — Literary  Churchman. 
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HOLE. — A  GENEALOGICAL  STEMMA  of  the  KINGS  of  ENG¬ 
LAND  and  FRANCE.  By  the  Rev.  C.  Hole.  In  One  Sheet. 

is. 

—  A  BRIEF  BIOGRAPHICAL  DICTIONARY.  Compiled  and 
Arranged  by  Charles  Hole,  M.A.,  Trinity  College,  Cambridge. 
Second  Edition,  in  Pott  8vo.,  neatly  and  strongly  bound  in  cloth, 
4 s.  6d. 

The  most  comprehensive  Biographical  Dictionary  in  English, — containing 
more  than  18,000  names  of  persons  of  all  countries,  with  dates  of  birth  and 
death,  and  what  they  were  distinguished  for. 

“  An  invaluable  addition  to  our  manuals  of  reference,  and  from  its  moderate 
price,  it  cannot  fail  to  become  as  popular  as  it  is  useful.” — Times. 

“  Supplies  a  universal  want  among  students  of  all  kinds.  It  is  a  neat,  com¬ 
pact,  well  printed  little  volume,  which  may  go  into  the  pocket,  and  should 
be  on  every  student’s  table,  at  hand,  for  reference.” — Globe. 


JEPHSON.  — SHAKESPEARE’S  TEMPEST.  With  Glossary  and 
Explanatory  Notes.  By  the  Rev.  J.  M.  Jephson.  i8mo.  is.  6d. 

“  His  notes  display  a  thorough  familiarity  with  our  older  English  literature, 
and  his  preface  is  so  full  of  intelligent  critical  remark,  that  many  readers 
will  wish  that  it  were  longer.” — Gziardian. 


OPPEN.  —FRENCH  READER.  For  the  use  of  Colleges  and 
Schools.  Containing  a  Graduated  Selection  from  Modem  Authors 
in  Prose  and  Verse;  and  copious  Notes,  chiefly  Etymological. 
By  Edward  A.  Oppen.  Fcap.  8vo.  cloth,  4 j.  6d. 

“  Mr.  Oppen  has  produced  a  French  Reader,  which  is  at  once  moderate  yet 
full,  informing  yet  interesting,  which  in  its  selections  balances  the  moderns 

fairly  against  the  ancients . The  examples  are  chosen  with  taste  and 

skill,  and  are  so  arranged  as  to  form  a  most  agreeable  course  of  French 
reading.  An  etymological  and  biographical  appendix  constitutes  a  very 
valuable  feature  of  the  work.” — Birmingham  Daily  Post. 


A  SHILLING  BOOK  of  GOLDEN  DEEDS.  A  Reading-Book  for 
Schools  and  General  Readers.  By  the  Author  of  “The  Heir  of 
Redclyffe.”  i8mo.  cloth. 

“  To  collect  in  a  small  handy  volume  some  of  the  most  conspicuous  of  these 
(examples)  told  in  a  graphic  and  spirited  style,  was  a  happy  idea,  and  the 
result  is  a  little  book  that  we  are  sure  will  be  in  almost  constant  demand  in 
the  parochial  libraries  and  schools  for  which  it  is  avowedly  intended.” — 
Educational  Times. 


A  SHILLING  BOOK  of  WORDS  from  the  POETS.  By  C.  M. 
Vaughan.  i8mo.  cloth. 


DIVINITY. 


21 


THRING. — Works  by  Edward  Hiring,  M.A.,  Head  Master  of 
Uppingham  : — 

—  THE  ELEMENTS  of  GRAMMAR  taught  in  ENGLISH. 
With  Questions.  Fourth  Edition.  i8mo.  2 a 

—  THE  CHILD’S  GRAMMAR.  Being  the  substance  of  “The 
Elements  of  Grammar  taught  in  English,”  adapted  for  the  use  of 
Junior  Classes.  A  New  Edition.  i8mo.  is. 

The  author’s  effort  in  these  two  books  has  been  to  point  out  the  broad, 
beaten,  every-day  path,  carefully  avoiding-  digressions  into  the  bye-ways 
and  eccentricities  of  language.  This  work  took  its  rise  from  questionings 
in  National  Schools,  and  the  whole  of  the  first  part  is  merely  the  writing 
out  in  order  the  answers  to  questions  which  have  been  used  already  with 
success.  Its  success,  not  only  in  National  Schools,  from  practical  work 
in  which  it  took  its  rise,  but  also  in  classical  schools,  is  full  of  encourage¬ 
ment. 

—  SCHOOL  SONGS.  A  collection  of  Songs  for  Schools.  With 
the  Music  arranged  for  Four  Voices.  Edited  by  the  Rev.  E. 
Thring  and  H.  Riccius.  Music  Size.  7 s.  6d. 


DIVINITY. 

EASTWOOD. — THE  BIBLE  WORD  BOOK.  A  Glossary  of  Old 
English  Bible  Words.  By  J.  Eastwood,  M.A.,  of  St.  John’s 
College,  and  W.  Aldis  Wright,  M.A.,  Trinity  College,  Cam¬ 
bridge.  i8mo.  5a  6 d. 

(Uniform  with  Macmillan’s  School  Class  Books.) 

HARD  WICK.  — A  HISTORY  of  the  CHRISTIAN  CHURCH. 
Middle  Age.  From  Gregory  the  Great  to  the  Excommunication 
of  Luther.  By  Archdeacon  Hardwick.  Edited  by  Francis 
Procter,  M.A.  With  Four  Maps  constructed  for  this  work  by 
A.  Keith  Johnston.  Second  Edition.  Crown  8vo.  ioa  6d. 

The  History  commences  with  the  time  of  Gregory  the  Great,  and  is  carried 
down  to  the  year  1520, — the  year  when  Luther,  having  been  expelled  from 
those  Churches  that  adhered  to  the  Communion  of  the  Pope,  established  a 
provisional  form  of  government  and  opened  a  fresh  era  in  the  history  of 
Europe. 

—  A  HISTORY  of  the  CHRISTIAN  CHURCH  during  the 
REFORMATION.  By  Archdeacon  Hardwick.  Revised  by 
Francis  Procter,  M.A.  Second  Edition.  Crown  8vo.  ioa  6d. 

This  work  forms  a  Sequel  to  the  author’s  book  on  The  Middle  Ages.  The 
author’s  wish  has  been  to  give  the  reader  a  trustworthy  version  of  those 
stirring  incidents  which  mark  the  Reformation  period. 
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MACLEAR. — Works  by  the  Rev.  Gr,  F.  Maclear,  B.D.,  Head 
Master  of  King’s  College  School,  and  Preacher  at  the  Temple 
Church : — 

—  A  CLASS-BOOK  of  OLD  TESTAMENT  HISTORY.  Fourth 
Edition,  with  Four  Maps.  i8mo.  cloth,  4s.  6 d. 

“  A  work  which  for  fulness  and  accuracy  of  information  may  be  confidently 
recommended  to  teachers  as  one  of  the  best  text-books  of  Scripture  History 
which  can  be  put  into  a  pupil’s  hands.” — Educational  Times. 

“  A  well-arranged  summary  of  the  scriptural  story.” — Guardian. 

—  A  CLASS-BOOK  of  NEW  TESTAMENT  HISTORY :  in¬ 
cluding  the  Connection  of  the  Old  and  New  Testament.  With 
Four  Maps.  Second  Edition.  i8mo.  cloth.  $s.  6d. 

“  Mr.  Maclear  has  produced  in  this  handy  little  volume  a  singularly  clear 
and  orderly  arrangement  of  the  Sacred  Story.  .  .  .  His  work  is  solidly  and 
completely  done.” — Athenceum. 

—  A  SHILLING  BOOK  of  OLD  TESTAMENT  HISTORY, 
for  National  and  Elementary  Schools.  With  Map.  i8mo.  cloth. 

—  A  SHILLING  BOOK  of  NEW  TESTAMENT  HISTORY, 
for  National  and  Elementary  Schools.  With  Map.  i8mo.  cloth. 

—  CLASS  BOOK  of  the  CATECHISM  of  the  CHURCH  of 
ENGLAND.  i8mo.  cloth,  2s.  6d. 

PROCTER.— A  HISTORY  of  the  BOOK  of  COMMON  PRAYER  : 
with  a  Rationale  of  its  Offices.  By  Francis  Procter,  M.A. 
Seventh  Edition,  revised  and  enlarged.  Crown  8vo.  ioa  6d. 

In  the  course  of  the  last  twenty  years  the  whole  question  of  Liturgical  know¬ 
ledge  has  been  reopened  with  great  learning  and  accurate  research,  and  it 
is  mainly  with  the  view  of  epitomizing  their  extensive  publications,  and 
correcting  by  their  help  the  errors  and  misconceptions  which  had  obtained 
currency,  that  the  present  volume  has  been  put  together. 

—  AN  ELEMENTARY  HISTORY  of  the  BOOK  of  COMMON 
PRAYER.  By  Francis  Procter,  M.A.  Second  Edition. 
i8mo.  2s.  6d. 

The  author  having  been  frequently  urged  to  give  a  popular  abridgment  of 
his  larger  work  in  a  form  which  should  be  suited  for  use  in  schools  and  for 
general  readers,  has  attempted  in  this  book  to  trace  the  History  of  the 
Prayer-Book,  and  to  supply  to  the  English  reader  the  general  results  which 
in  the  larger  work  are  accompanied  by  elaborate  discussions  and  references 
to  authorities  indispensable  to  the  student.  It  is  hoped  that  this  book  may 
form  a  useful  manual  to  assist  people  generally  to  a  more  intelligent  use  of 
the  Forms  of  our  Common  Prayer. 

PSALMS  of  DAVID  Chronologically  Arranged.  By  Four  Friends. 
Crown  8vo.,  ioa  6 d. 

“  It  is  a  work  of  choice  scholarship  and  rare  delicacy  of  touch  and  feeling.” 
— British  Quarterly. 
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RAMSA  Y— THE  CATECHISER’S  MANUAL  ;  or,  the  Church 
Catechism  illustrated  and  explained,  for  the  use  of  Clergymen, 
Schoolmasters,  and  Teachers.  By  Arthur  Ramsay,  M.A. 
Second  Edition.  i8mo.  is.  6d. 

SIMPSON.—  AN  EPITOME  of  the  HISTORY  of  the  CHRIST¬ 
IAN  CHURCH.  By  William  Simpson,  M.A.  Fourth 
Edition.  Fcap.  8vo.  3a  6d. 

SWA/NSON.—A  HAND-BOOK  to  BUTLER’S  ANALOGY. 
By  C.  A.  Swainson,  D.D.,  Norrisian  Professor  of  Divinity  at 
Cambridge.  Crown  8vo.  is.  6d. 

WESTCOTT.—A  GENERAL  SURVEY  of  the  HISTORY  of  the 
CANON  of  the  NEW  TESTAMENT  during  the  First  Four 
Centuries.  By  Brooke  Foss  Westcott,  B.D.,  Assistant  Master 
at  Harrow.  Second  Edition,  revised.  Crown  8vo.  ioa  6d. 

The  Author  has  endeavoured  to  connect  the  history  of  the  New  Testament 
Canon  with  the  growth  and  consolidation  of  the  Church,  and  to  point  out 
the  relation  existing  between  the  amount  of  evidence  for  the  authenticity 
of  its  component  parts  and  the  whole  mass  of  Christian  literature.  Such  a 
method  of  inquiry  will  convey  both  the  truest  notion  of  the  connexion  of 
the  written  Word  with  the  living  Body  of  Christ,  and  the  surest  conviction 
of  its  divine  authority. 

—  INTRODUCTION  to  the  STUDY  of  the  FOUR  GOSPELS. 
By  Brooke  Foss  Westcott,  B.D.  Third  Edition.  Crown 
8 vo.  ioa  6d. 

This  book  is  intended  to  be  an  Introduction  to  the  Study  of  the  Gospels.  In 
a  subject  which  involves  so  vast  a  literature  much  must  have  been  over¬ 
looked  ;  but  the  author  has  made  it  a  point  at  least  to  study  the  researches 
of  the  great  writers,  and  consciously  to  neglect  none. 

—  THE  BIBLE  in  the  CHURCH.  A  Popular  Account  of  the 
Collection  and  Reception  of  the  Holy  Scriptures  in  the  Christian 
Churches.  Second  Edition.  By  Brooke  Foss  Westcott,  B.D. 
i8mo.  cloth.  4A  6d. 

“  Mr.  Westcott  has  collected  and  set  out  in  a  popular  form  the  principal  facts 
concerning  the  history  of  the  Canon  of  Scripture.  The  work  is  executed 
with  Mr.  Westcott’s  characteristic  ability.” — Journal  of S acred  Literature . 

WILSON—  AN  ENGLISH  HEBREW  and  CHALDEE  LEXI¬ 
CON  and  CONCORDANCE  to  the  more  Correct  Understanding 
of  the  English  translation  of  the  Old  Testament,  by  reference  to 
the  Original  Hebrew.  By  William  Wilson,  D.D.,  Canon  of 
Winchester,  late  Fellow  of  Queen’s  College,  Oxford.  Second 
Edition,  carefully  Revised.  4to.  cloth,  25A 

The  aim  of  this  work  is,  that  it  should  be  useful  to  Clergymen  and  all  per¬ 
sons  engaged  in  the  study  of  the  Bible,  even  when  they  do  not  possess  a 
knowledge  of  Hebrew  :  while  able  Hebrew  scholars  have  borne  testimony 
to  the  help  that  they  themselves  have  found  in  it. 
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